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Multidimensionale Laserkontrolle der Erzeugung von Attosekundenpulsen—In die-
ser Arbeit wird die kohärente Kontrolle von Attosekundenpulsen und -pulszügen durch
die Erzeugung Hoher Harmonischer (engl. "high-harmonic generation", HHG) sowohl
experimentell als auch numerisch untersucht. Zu diesem Zweck werden intensive Femto-
sekundenlaserpulse mit einer Dauer von nur wenigen Zyklen und mit stabilisierter Träger-
zu-Einhüllenden-Phase (engl. "carrier-envelope phase", CEP) in Argon fokussiert. Nach
ersten hier durchgeführten Studien zur Auswirkung dieser CEP für sich allein wird das
Kontrollschema durch einen zeitlichen Versatz entweder zwischen zwei variablen Ab-
schnitten des Laserspektrums oder zu einem zusätzlichen Laserfeld mit doppelter Fre-
quenz erweitert. Wir führen das Konzept der gleichzeitigen, unabhängigen Kontrolle meh-
rerer Eigenschaften der Attosekundenpulse durch eine gleich große Zahl von Steuergrö-
ßen ein. Mit diesem multidimensionalen Ansatz lässt sich die HHG effizient, vielseitig
und auf einfachen physikalischen Prinzipien basierend kontrollieren. Die experimentel-
le Realisierung der Kontrollmethode mit einem geteilten Laserspektrum ermöglichte die
Steuerung etlicher spektraler Eigenschaften der Hohen Harmonischen. Die Auswirkungen
der einzelnen Steuergrößen können ebenso wie die spezifischen Wirkungsmechanismen
ermittelt und durch numerische Simulationen bestätigt werden. Zur Beschreibung des
Prozesses reicht hierbei die Betrachtung eines einzelnen Atoms aus. Insbesondere wird
festgestellt, dass eine Modulation der instantanen Frequenz am Maximum der Laserpulse
in einer quantitativ festgelegten Weise die Energie der Harmonischen verändert. Zudem
ermöglicht die Interferenz der beiden Teilfelder die Bildung zweier zeitlicher Maxima
des Laserfeldes. Die spektrale Interferenz der zwei an diesen Maxima produzierten At-
tosekundenpulszüge resultiert in Kämmen von gebrochenzahligen Hohen Harmonischen,
die in der Zukunft bei der hochaufgelösten spektralen Interferometrie im extremen Ultra-
violetten angewendet werden können.
Few-CycleMultidimensional Laser Control of Attosecond Pulse Generation—In this
work, the coherent control of attosecond pulse and pulse train production by high-order
harmonic generation (HHG) is investigated both experimentally and numerically. For this
purpose, intense, few-cycle femtosecond laser pulses with a stable carrier-envelope phase
(CEP) are focused into argon. After the examination of pure CEP effects, the controllabil-
ity of HHG is qualitatively enhanced by the addition of a time delay either between two
variable spectral sections or with respect to a second driver field at the doubled frequency.
The concept of independent control of several properties of the produced attosecond pulse
at once by an equally large number of control variables is introduced as an efficient multi-
dimensional (multi-parameter) scheme to control HHG both comprehensively and based
on fundamental physics principles. The experimental realization of the split-spectrum
time-delay method leads to control over manifold spectral properties of the produced high
harmonics. The effects of the individual control variables are separated and the control
mechanisms are uncovered on the single-atom level and confirmed by numerical simula-
tions. In particular, it is found that a time-delay dependent change of the instantaneous
frequency at the intensity maximum of the driver pulse causes a quantitatively determined
modulation of the harmonic energies. Moreover, the interference of the two subfields en-
ables the creation of two driver intensity maxima. The spectral interference of the two
time-delayed attosecond pulse trains, produced at these intensity maxima, results in the
controlled generation of fractional high-harmonic combs. These combs can, in future, be
applied to high-precision spectral interferometry in the extreme ultraviolet.
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Chapter 1
Introduction
In our macroscopic everyday world we are used to act and manufacture by applying me-
chanical forces to our surrounding things and we are able to observe these processes
with our eyes or with cameras. In the microscopic world of atoms, molecules, clusters,
etc. things behave differently, not only due to the dominance of quantum-mechanical ef-
fects. Above all, the processes in the microscopic world take place on a much faster
("ultrafast") time scale. The time scale on which electron dynamics evolves scales in-
versely to the energy difference between the involved quantum states. Especially the
dynamics of electrons are of large scientific interest because pairs of electrons form the
chemical bonds, and the electronic structures determine manifold properties of virtually
any known materials. While the vibration, rotation and dissociation of molecules happen
within several femtoseconds to nanoseconds (1 fs = 1 femtosecond = 10−15 s), the dy-
namics of bound electrons in atoms occurs even faster, on the attosecond (1 attosecond
= 1 as = 10−18 s) time scale. To measure such ultrafast processes one needs probes of
comparable duration, which reach into the attosecond regime for atomic electron dynam-
ics. Ultrashort laser systems nowadays deliver coherent, pulsed light in the visible and
infrared spectral range with pulse durations down to the low femtosecond time scale and
have enabled tremendous insights into physics, chemistry and biology [1]. Yet these laser
pulses themselves are not short enough to resolve the versatile electron dynamics evolving
on the attosecond time scale.
Thus a process termed high-order harmonic generation (HHG) is commonly applied
which converts parts of infrared or visible laser light into subfemtosecond flashes of co-
herent light in the extreme ultraviolet or soft x-ray spectral region. The light intensity
of the driving optical field must be so high for this process that electrons bound within
the atoms leave the atoms, are accelerated by the electric field of the laser and finally
emit attosecond light pulses for the short instance when they—under certain conditions—
recombine with their parent atom. In sophisticated experiments attosecond pulses of light
allow to measure electron dynamics for example in atoms, molecules and clusters. In such
experiments one does not only want to investigate randomly ongoing electron dynamics.
Instead, the electromagnetic wave nature of the light enables us to act with consider-
able electric forces on the electrons given the light intensity is sufficiently high for such
so called strong-field effects. This opens the door to manipulate quantum states, to steer
electronic or molecular processes, to break chemical bonds, to trigger ionization processes
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of atoms, or in more general words to control and measure quantum dynamics under well-
defined conditions and with a temporal resolution which is in most cases roughly given
by the pulse duration. Up to now HHG is the only available fully-coherent source of
attosecond pulsed light. The application of attosecond pulses as precise tools for vari-
ous experiments to exploit, trigger and especially to control attosecond electron dynamics
makes it desirable to control the generation of attosecond pulses or to even tailor them
in their temporal or spectral shape. This gives a strong motivation for the exploration of
effective and comprehensive control mechanisms for high-order harmonic generation.
In this thesis, coherent control of high-order harmonic generation is experimentally and
numerically performed at first purely by the variation of the so-called carrier-envelope
phase (CEP) of the electric field of the driving few-cycle laser pulses. Secondly the com-
bination of CEP and time-delay control between two spectral sections of the broadband
laser spectrum is found to enhance the controllability especially when several spectral
or temporal properties of the produced attosecond pulses or pulse trains have to be con-
trolled at once. The spectral and temporal characteristics of the attosecond pulses are
hereby mathematically connected by Fourier transform. As one main result, the multidi-
mensional (multi-parameter) control scheme supports the controlled interference of two
attosecond pulse trains, which leads to the observation of fractional high-harmonic combs.
It is investigated how the relative phase between both, pairs of attosecond pulses and pairs
of attosecond pulse trains, can be freely set with in each case adjustable relative intensi-
ties. Such precisely prepared pairs of fully coherent attosecond pulses or pulse trains are
perfectly suited for spectral interferometry experiments in the extreme ultraviolet.
The work creates the fundamental building blocks to efficiently control HHG by a limited
number of control variables with maximal impact on the spectral response and physical
understandability with particular emphasis on the individual physical control mechanisms
at work. We show how a number of pronounced spectral effects result from few distinct
interventions into the spectral phase of the driving laser field and how these control op-
tions are either connected or independent. It is demonstrated that the relative phase of an
already tiny portion of the driver spectrum can have a remarkably large impact on HHG.
The origin of the observed effects can be identified in purely the modulated pulse shape of
the few-cycle driver pulses, which in turn controls the single-atom response during HHG.
The measured high-harmonic spectra are compared to numerical simulations based on the
single-atom response to confirm this microscopic nature of the observed control effects.
This thesis is structured as follows: In chapter 2 the fundamental aspects of ultrashort
laser pulses, strong-field effects and the process of high-order harmonic generation are
explained. An introduction to the control of high-harmonic generation is given and
macroscopic effects in HHG as well as different techniques to produce isolated attosecond
pulses are reviewed. Further a description of the employed laser system and the attosec-
ond beamline is given. Chapter 3 introduces the CEP of the driving laser field as a single
variable to control HHG on the single-atom level. A spectral interferometry method is
presented which allows to extract information on the time structure of the produced at-
tosecond pulses only by observing their coherent spectral intensity response. In chapter 4
the CEP control of HHG is extended by the introduction of a time delay between either
an additional laser field or between two spectral sections of the now segmented driver
field itself. It is numerically studied to what extent these two control variables alone al-
3low to independently set several temporal properties of the produced attosecond pulses
at the same time. This independent multidimensional control approach would realize the
most efficient control configuration. The control scheme is experimentally implemented
and discussed in chapter 5. The modified driving laser field causes a number of distinct
temporal and spectral effects for the recorded high harmonics, which are investigated
individually and supported by numerical simulations. The respective HHG-control mech-
anisms are extracted which give a complete picture of the processes in the time domain. In
particular the time-delay driven tuning of the high-harmonic energies is explained quan-
titatively by a modulation of the instantaneous frequencies of the driver pulses. Several
applications of the generated fractional-harmonic combs are discussed before finally the
results of this thesis are summarized in chapter 6.
4 INTRODUCTION
Chapter 2
Fundamentals
In this chapter, the fundamental principles and techniques on which the further work is
based are discussed. First a mathematical description of ultrashort laser pulses is given,
before the interaction of light and matter as well as the fundamentals of nonlinear optics
are discussed. The production of attosecond pulses by a highly nonlinear process termed
high-order harmonic generation (HHG) and, finally, the technical aspects of the genera-
tion of ultrashort laser pulses are explained. The basic equations in this chapter can also
be found in the literature (e.g. in Refs. [2, 3, 4]).
2.1 Ultrashort Laser Pulses
As light is an electromagnetic wave it is a suitable way to describe ultrashort laser pulses at
a given spatial position by their time-dependent electric field. The real part of this electric
field acts on charged particles and can be expressed in case of a linear polarization of the
laser field by
E(t) = E(t)cos[φ(t)]. (2.1)
E(t) is the positive-valued pulse envelope function, which defines the temporal structure
of the pulse and thus also the pulse duration. φ(t) is the temporal phase of the pulse. In
calculations a Gaussian pulse shape EG(t) is widely used, which can be defined by
EG(t) = E0exp
[
−
(
t
tG
)2]
. (2.2)
The temporal intensity, measured in W/cm2, is proportional to the square of the pulse
envelope function of the electric field:
I(t) ∝ E2(t). (2.3)
The pulse duration is then usually defined as the full width at half maximum (FWHM)
value tFWHM of the pulse intensity profile I(t), which yields for Gaussian shaped pulses:
tG =
tFWHM√
2ln2
≈ 0.849tFWHM . (2.4)
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As we will see later in this work, the temporal phase of a laser pulse plays an important
role. It can be expressed by
φ(t) = φ0 + ωct+ ϕ(t), (2.5)
with a constant offset φ0, the central laser frequency ωc and a residual phase ϕ(t), which
contains the higher orders (≥ 2) in time. φ0 is called the carrier-envelope phase (CEP),
since it defines the offset between the oscillating electric field carrier and its envelope
E(t). φ0 = 0 means that both peak at the same time (see also Fig. 3.1).
The instantaneous laser frequency is the derivative of the temporal phase. It changes in
time, if the nonlinear orders of the temporal phase are nonzero:
ω(t) =
d
dt
φ(t) = ωc +
d
dt
ϕ(t) (2.6)
A continuous increase (decrease) of the instantaneous laser frequency with time is called
up- (down) chirp. The expression "chirp" originates from the equivalent acoustic waves,
which are found in the chirping of birds.
Due to the importance of the phases it is convenient to express the electric field as a
complex field
E˜(t) = E(t)exp[iφ(t)], (2.7)
while only the real part is the measurable physical observable. Fourier transformation
then obtains the field in the spectral domain
˜¯E(ω) = F [E˜(t)] =
∫ ∞
−∞
dtE˜(t)e−iωt, (2.8)
and vice versa the time-dependent electric field is given by the inverse Fourier transform
of the complex spectral field ˜¯E(ω):
E˜(t) = F−1[ ˜¯E(ω)] = 1
2π
∫ ∞
−∞
dω ˜¯E(ω)eiωt. (2.9)
This mathematical connection between the time and the spectral domain has important
physical implications. Knowing (e.g. measuring) both amplitude and phase in one do-
main, we can calculate the field (again both amplitude and phase) in the other domain.
Moreover, in terms of control, we can in principle generate any given laser pulse E˜(t)
by exploiting the spectral amplitude and spectral phase, encoded in ˜¯E(ω). In the spectral
domain the complex electric field can be written as
˜¯E(ω) = E¯(ω)exp[iφ(ω)], (2.10)
with the spectral envelope function E¯(ω) and the spectral phase φ(ω). E¯(ω) = A(ω)
is positive valued, thus equals the spectral amplitude for ω ≥ 0. The spectral intensity,
which is measurable with a spectrometer and is meant by the laser spectrum, is then given
by
I¯(ω) ∝ | ˜¯E(ω)|2. (2.11)
2.2 STRONG FIELD EFFECTS 7
The spectral phase can be expanded by the Taylor series:
φ(ω) =
∞∑
k=0
1
k!
∂kφ(ω)
∂ωk
· ωk = φ0 + τ0 · ω + ϕ(ω), (2.12)
where the linear phase in the spectral domain τ0 · ω corresponds to an offset (τ0) in the
time domain. In the same manner, a linear phase in time ωc · t is a constant offset ωc in the
spectral domain. These offsets can be interpreted as mean-time and -frequency, around
which the pulses are centered, while in the time domain the time zero is not defined and
thus the offset −τ0 is arbitrary. The pulse does not need to contain a contribution at the
center frequency ω0 or the center time −τ0, these numbers are rather the center of mass
values. Besides φ0, which is again the CEP, the important information is contained in
the residual phase ϕ(ω), which includes the higher orders. The negative derivative of the
spectral phase corresponds to a time delay τ(ω) of the individual spectral frequencies,
also called the group delay:
τ(ω) = − d
dω
φ(ω) = −τ0 − d
dω
ϕ(ω). (2.13)
In order to gain control over the laser pulses in time, we hereby have derived that we need
to have control both over the laser spectrum I¯(ω) and especially over the relative time
delays between the spectral frequencies. Some basic technical aspects of this control will
be discussed in section 2.6.
2.2 Strong Field Effects
For more than the last 50 years since the invention of the laser by Maiman [5, 6] a lot
of effort has been made to generate shorter and shorter and thus also more intense laser
pulses, where Laser is the acronym for "light amplification by stimulated emission of
radiation"[7]. Already very early the invention of Q-switching [8] delivered laser pulses
with durations below 100 ns realized by dye lasers, which was then further reduced by
the invention of the mode-locked Ti:sapphire oscillator [2]. The technique of chirped
pulse amplification (CPA) delivered routinely laser pulses with a pulse duration of sub-
100 fs [9, 10] in the 1990s. The available pulse duration was further continuously de-
creased until the limit of a few laser cycles (for 750 nm light the laser cycle lasts 2.5 fs)
was reached around 1999 [11]. The process of high-order harmonic generation (see
section 2.3) then enabled to break the 1-fs barrier to now routinely produce attosecond
pulses [12, 13, 14]. Parallel to this development the available pulse peak intensity was in-
creased. This drastic increase of the available laser peak intensity is a requirement to reach
still shorter pulses and was noticed and postulated over 18 orders of magnitude [15]. To-
day large laser facilities can deliver sub-ps pulses with peak powers in the petawatt range
(1 PW=1015 W) [16]. The motivation to develop shorter coherent light sources that de-
liver higher intensities and pulse energies is manifold. The availability of ultrashort laser
pulses enables the measurement, understanding, and control of processes which evolve on
time scales which are longer or about as long as the ultrashort pulses. For example elec-
tron dynamics within a quantum mechanical system (e.g. atoms, biomolecules, solids)
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can be studied and controlled, where the relevant time scale is given by the inverse of the
energy spacing of involved quantum states.
By increasing the pulse intensities one can study different physical regimes. In the linear
regime only one photon is absorbed at a time. Thus the process is proportional to the
intensity and the refractive index is intensity-independent. In contrast, in the regime of
nonlinear optics [17, 18] several photons can be absorbed at the same time and the refrac-
tive index becomes a function of the intensity. There are a number of low-order nonlinear
processes known which lead to a conversion of light frequencies [19]. Among them are:
Second-harmonic generation
(SHG):
ωSH = 2ω1 Frequency-doubled light at ωSH
is generated.
Sum-frequency generation
(SFG):
ωs = ω1 + ω2 The addition of the frequencies
ω1 and ω2 generates the fre-
quency ωs.
Difference-frequency genera-
tion (DFG):
ωs = ω1 − ω2 The subtraction of the frequency
ω2 from ω1 obtains the fre-
quency ωs.
Third-harmonic generation
(THG):
ωTH = 3ω1 Three photons at the fre-
quency ω1 produce the tripled
frequency ωTH .
Optical parametric generation
(OPG):
ωs = ωp − ωi The signal at ωs is amplified by
the pump field at ωp leaving the
idler at ωi.
In the highly-nonlinear regime with intensities near 1014 W/cm2 the strong electric field
of the light acts with a time-dependent force ~F (t) = −e ~E(t) on the bound electrons
in atoms, molecules and solids, which is on the order of the Coulombic binding force.
The interaction, which leads to the generation of high-order harmonics, will be studied in
the next section in more detail. At even higher intensities (1018 W/cm2) the relativistic
regime is reached, where electrons are accelerated by the light to energies which are close
to or even multiples of their rest mass. As known from physics with conventional particle
accelerators the creation of spontaneous electron-positron pairs out of the vacuum can
be observed. The planned Extreme Light Infrastructure (ELI) project could finally reach
peak intensities of 1023 W/cm2 and produce even pions, muons and neutrinos from light-
accelerated ultrarelativistic electrons [16].
2.3 High-order Harmonic Generation
In the perturbative regime, which we have discussed in the last section, light of the fre-
quency ω and the intensity I can be converted to a frequency nω with an efficiency, which
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Figure 2.1: a) Schematic high-order harmonic spectrum consisting of discrete lines at odd multi-
ples of the fundamental laser energy. After the perturbative decrease of the harmonic intensity as
a function of the harmonic order n proportional I−n, a plateau is observed, where the harmonic
intensity is about constant. Finally the harmonic intensity drops again and a cut-off is reached
beyond which the harmonics vanish. b) Typical measured spectrum of high-order harmonics in
our experiment using argon as the conversion medium.
decreases exponentially with I−n. Yet, it was found again and again when focusing an
intense laser pulse into a noble-gas medium that for higher orders there is a huge anomaly.
A plateau was found in the emission spectrum where the intensity of the harmonics, which
where then called high-order harmonics, was roughly constant over a remarkable number
of orders, before the harmonic intensity finally dropped again and a cut-off energy was
found, above which no harmonics were created [20, 21]. It was also noticed that only
the odd orders of the high harmonics were generated. Fig. 2.1a) shows for illustration
schematically the harmonic intensity as a function of the harmonic order n, while in b) a
high-order harmonic spectrum as typically measured is depicted. In 1993, Corkum and
Kulander published a theory that was capable to explain the findings [22, 23]. In the fol-
lowing, the mechanism, which leads to the generation of the high-order harmonics and the
above-mentioned findings are discussed at first from the quasi-classical point of view, as
introduced by Corkum and Kulander, and then quantum-mechanically. Reviews of HHG
and "attosecond physics" in general are given in the Refs. [24, 25, 26, 27, 28, 29].
2.3.1 Ionization
Corkum and Kulander explained the generation of high harmonics by a three-step model.
HHG is divided into three sequential steps, whereby the first step is the ionization of the
atom or molecule. The model studies the response of a single atom to an intense laser
field. As will be described in section 2.5.1, HHG is the collective response of many atoms
and thus is also influenced by macroscopic properties of the conversion medium, but by
the restriction to one atom the basic mechanism of HHG can be understood and already a
good agreement to the experimental findings is achieved.
We consider a single hydrogen atom, which is exposed to an electromagnetic light wave
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step I:
t = t0
step II:
t = t0+T/2
step III:
t = trec
 !XUV = Ekin+Ip
Figure 2.2: Three-step model of high-harmonic generation. A strong electric field interacts with
a single atom and bends the Coulomb potential. a) As the first step a valence electron tunnels out
into the continuum, where it is accelerated by the electric field. b) In the second stage a half-cycle
later the electric field changes its sign and accelerates the electron back to its parent ion. c) In the
third step, the electron recombines into its initial state, producing an extreme ultraviolet (XUV)
photon, which carries the kinetic energy gained in the electric field plus the ionization potential of
the atom.
~E(t) = ~E0 cos(ωt). If the intensity is increased more and more, the electric field of the
light becomes so strong that the Coulomb potential of the atom is significantly modified
by ~E(t) and the electron thus feels the alternating external electric field. The Coulomb
potential is bent by ~E(t) as illustrated in Fig. 2.2 and now reads
V (~r, t) = − e
2
4πǫ0r
+ e ~E(t)~r. (2.14)
If the electric field is strong enough, the electron is separated only by a small barrier on
one side of the atom from the continuum (see Fig. 2.2). It can overcome this barrier by
tunneling out. Once it is in the continuum it is considered to be free. Keldysh formulated
a theory on this tunnel ionization induced by an electric field and calculated an electron
tunneling rate, which can be expressed as
wk =
√
6πIp
4~
(
eE~
m
1/2
e I
3/2
p
)1/2
exp
[
−4
√
2meI
3/2
p
e~E
(
1− meω
2Ip
5e2E2
)]
. (2.15)
Here, Ip is the ionization potential of the atom, E the temporal electric field strength, me
and e the electron mass and electron charge unit, respectively.
Later, Ammosov, Delone and Krainov generalized Keldysh’s ionization theory and made
it suitable to arbitrary atoms and initial electronic states [30, 4]. Their ionization rate,
which shows good agreement with experimental results, is often referred to as ADK-rate
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Figure 2.3: Different regimes of ionization in a laser field. a) Multi-photon ionization. b) Tunnel
ionization. c) Over-barrier ionization.
and reads using atomic units (~=m=e=1):
wADK =
√
3E
π(2Ip)3/2
|Cn∗l∗ |2f(l,m)Ip
(
2(2Ip)
3/2
E
)( 2Z√
2Ip
−|m|−1
)
exp
(
−2(2Ip)
3/2
3E
)
,
(2.16)
with the factor f(l,m) given by
f(l,m) =
(2l + 1)(l + |m|)!
2|m|(|m|)!(l − |m|)! , (2.17)
and the constant |Cn∗l∗ |2 by
|Cn∗l∗ |2 = 2
2n∗
n∗Γ(n∗ + l∗ + 1)Γ(n∗ − l∗) . (2.18)
m and l are the angular momentum and magnetic quantum number respectively and Z
is the ion charge after the ionization. The effective principal and angular momentum
quantum numbers are written as n∗ = Z(2Ip)−1/2 and l∗ = n∗ − 1 respectively. For a
review on Keldysh theory see Ref. [31].
Being dependent on the ionization potential Ip and the ponderomotive potential Up (de-
fined in Eq. 2.22) the ionization takes place in three different regimes. These regimes are
characterized by the Keldysh parameter
γ =
√
Ip
2Up
, (2.19)
and illustrated by Fig. 2.3:
• The multi-photon ionization regime (γ ≫ 1): The Coulomb potential is hardly
influenced by the external electric field so that multiple photons need to be absorbed
to ionize the atom [32].
• The tunnel ionization regime: The Coulomb potential is bent so strongly that the
electron can tunnel out with the tunneling rate given by the ADK-rate. For γ ≈ 1
both multi-photon ionization and tunnel ionization are present.
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Figure 2.4: Atomic conversion of intense infrared (IR) laser light into coherent attosecond pulses
of extreme ultraviolet light by high-order harmonic generation.
• Above-barrier ionization: The Coulomb potential is bent so much that the electric
field barrier is suppressed even below the ionization potential. As a consequence
the electron wave-packet can evolve freely above the barrier into the continuum.
2.3.2 Propagation
Once ionized, the electron is no longer bound to the atom and is accelerated in the laser
field. We consider now a linearly polarized electric field that has the phase ϕ at the
ionization time zero: E(t) = E0 cos(ωt + ϕ). We can classically calculate the electron
velocity as a function of the time:
v(t) = v0 +
∫ t
0
− e
me
E(t′)dt′ = − eE0
meω
[sin(ωt+ ϕ)− sin(ϕ)]. (2.20)
For v0 = 0 the trace of the field-driven electron is then given by
x(t) =
∫ t
0
v(t′)dt′ =
eE0
meω2
[cos(ωt+ ϕ)− cos(ϕ)] + sin(ϕ)t, (2.21)
where x = 0 is the position of the remaining ion nucleus. The acceleration of the ion in
the electric field can be neglected due to the much higher mass of the ion compared tome.
Since the electric field changes its sign, the electron is driven back to the ion one half-cycle
after the ionization. Given a linear polarization of the laser field, the returning electron can
hit the ion. In reality, most electrons miss the ion due to the quantum dynamical spread
(dispersion of a free-electron wavepacket) of the electron wave packet, which increases
with the time spent in the continuum.
During its propagation in the electric field the electron is accelerated and gains kinetic
energy. For an electron being at rest before the laser pulse the temporal average of the
gained kinetic energy is given by
Up =
e2E20
4meω2
, (2.22)
and denoted as the ponderomotive potential.
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Figure 2.5: a) Classically calculated electron trajectories in a cosine-like electric laser field. b) Ki-
netic energy of the electrons gained in the electric field as a function of the laser phase at recol-
lision. Every energy is obtained by two trajectories spending different times in the field, which
gives their denotation as short and long trajectory.
2.3.3 Recombination
When the electron returns to its parent ion it can recombine to its original bound state,
emitting a high-energy photon, whose energy is given as the sum of the kinetic energy of
the electron and the ionization potential Ip:
~ωn = Ekin + Ip. (2.23)
The kinetic energy which the electron has gained in the electric field depends here on
the phase ϕ of the electric field at the ionization time. The maximum kinetic energy the
electron can obtain by a variation of ϕ is limited to ≈3.17 Up. This obtains the before-
mentioned cut-off energy, above which no harmonics are produced:
~ωcut off = 3.17Up + Ip. (2.24)
Fig. 2.5a) illustrates a number of electron trajectories starting at different laser phases,
while in b) the recollision energy of the electrons is plotted as a function of the recollision
time. We see that always two trajectories lead to the same recollision energy (except for
the one leading to the cut-off energy). The ones spending a shorter time in the continuum
are called short trajectories, the other ones are the long trajectories. The time-dependent
recollision energy of the electrons leads to a corresponding intrinsic temporal variation of
the energy/frequency contributions within the generated attosecond pulse, which is termed
"attochirp" [33, 34]. The short trajectories produce positively chirped attosecond pulses
while the pulses resulting from the long trajectories are negatively chirped. A method to
create attochirp-free high harmonics is proposed in Ref. [35].
In order to extend the harmonic cut-off energy, it is most appropriate to increase Up. We
therefore reexamine Eq. 2.22 and see that there are two options to enlargeUp. The first one
is increasing the laser intensity and consequently the peak electric field strength E0, while
the second option is the application of longer laser wavelengths since Up scales with λ
2.
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While usually wavelengths around 800 nm are used, commonly produced by Ti:Sapphire
laser systems, HHG has meanwhile also been performed utilizing mid-infrared driver
wavelengths [36, 37, 38].
In the quantum-mechanical treatment the electron is described by its wave function
Ψ(~r, t). The high-harmonic radiation results from the nonlinear dipole response of the
atom. Thus Ψ(~r, t) has to fulfill the time-dependent Schrödinger equation, which in this
case reads
i
∂
∂t
|Ψ(~r, t)〉 =
(
−1
2
∇2 + V (~r) + ~r ~E cos(ωt)
)
|Ψ(~r, t)〉. (2.25)
We consider only a single electron, which is known as the single-active electron approx-
imation [32]. At the time of ionization a part of the wave function is removed from the
atom, evolves freely in the electric driver field during the propagation and spreads in space
along the way. At the time of recollision the wave function interferes with the remain-
ing main part of the wave function, leading to a fast nonlinear dipole oscillation. As a
consequence upconverted light is emitted for a duration of typically a few hundreds of
attoseconds, forming an attosecond pulse in the extreme-ultraviolet spectral range.
In the strong-field approximation the time-dependent dipole moment ~µ(t) = 〈Ψ(~r, t)| −
~r|Ψ(~r, t)〉 is given by [28]
~µ(t) =i
∫ t
0
dt′
∫
d3~pcanE cos(ωt
′) · ~d
(
~pcan + ~A(t
′)
)
·
exp
(
−iS(~p, t, t′)
)
· ~d∗
(
~pcan + ~A(t
′)
)
+ c.c. (2.26)
Here ~A(t) is the vector potential of the laser field, ~pcan denotes the canonical momentum
~pcan = ~v − ~A(t), (2.27)
and S(~p, t, t′) the so-called quasi-classical action
S(~p, t, t′) =
∫ t′′
t′
(
(~pcan + ~A(t
′′))2
2
+ Ip
)
dt′′. (2.28)
The dipole moment in Eq. 2.26 contains the three-step model, since ~d
(
~pcan+ ~A(t
′)
)
cor-
responds to the ionization at time t′, exp
(
−iS(~p, t, t′)
)
to the propagation in the electric
field and ~d∗
(
~pcan+ ~A(t
′)
)
to the recombination to the ground state at time t. This quantum
mechanical description of the three-step model was formulated by Lewenstein et al. [39].
For its solution the principle of the stationary action
~∇pS(~p, t, t′) = 0 (2.29)
can be applied. Employing Feynman’s path-integral approach one finds that very few
electron trajectories (so-called "quantum orbits") have to be considered to reproduce the
experimental findings [40].
2.4 COHERENT CONTROL OF HIGH-ORDER HARMONIC GENERATION 15
In a joint side project of this thesis HHG was theoretically studied in a more general
view [41]. It was discovered that high-order harmonics can not only be produced when
the part of the electron wave function in the continuum interferes with the bound wave
function, as described by the recombination step of the three-step model. In addition
the interference of two separately ionized wave packets of the same electron in the pres-
ence of the Coulomb potential leads to a strong oscillation of the dipole moment and
to the generation of high-order harmonics as well. While usually the contribution of
this continuum-continuum HHG is negligible with respect to the well-known continuum-
bound HHG, it can exceed the latter contribution, when the ground state is depleted by
a strong laser field, and can be isolated from the continuum-bound harmonics by phase
matching [41, 42].
Given a sufficient field strength, ionization (the first step in the three-step model) occurs
every half-cycle of the laser field. This leads to the production of a train of attosecond
pulses with the individual attosecond pulses being spaced in time by a half cycle, respec-
tively [43, 44]. The temporal structure of the attosecond pulses and the spectrum of the
high-order harmonics are mutually dependent, as the spectral amplitude E¯(ω) of the high-
order harmonics is given by the Fourier transform of the time-dependent electric field of
the attosecond pulses:
˜¯E(ω) = F [E˜(t)] =
∫ ∞
−∞
dtE˜(t)e−iωt. (2.30)
The half-cycle spacing of the attosecond pulses in time results by Fourier transform in a
spectral distance of twice the fundamental energy ~ω0 of the driver laser field—with the
consequence that only the odd high-order harmonics are produced.
Since the process of HHG is governed by electron dynamics the harmonic spectrum al-
ready provides manifold information about the involved quantum states of the parent ions
with an attosecond resolution [45]. This information can be retrieved by the so-called
high-harmonic spectroscopy [46, 47]. Being now familiar with the process of HHG, fun-
damental aspects of coherent control with a focus on coherent control of HHG shall be
discussed in the following section.
2.4 Coherent Control of High-order Harmonic Genera-
tion
The control of ultrafast processes, for example quantum control in femtochemistry [48,
49], is of interest to a large scientific community. A review of quantum control can be
found in Refs. [50, 51]. Control means that one or several measurable quantities of a
physical system can be influenced by one or several other quantities, which are termed
control parameters or control variables. Thus, studying the controllability reveals the
connections between physical quantities of the studied system, for instance the controlled
quantity is a function of the control parameters. By revealing such connections we can
learn something about the physics of the system that is controlled. Besides this aspect of
understanding there is the more technical aspect that control means that we can steer a
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physical property of the controlled system. The control might even be iteratively applied.
This means that a controlled quantity itself serves as control variable for the control of fur-
ther quantities. This way the access to and control of physical properties can be enhanced
to an in principle unlimited number of physical quantities or properties of an increas-
ingly complex setup. In particular, it is the "long-standing dream" of coherent quantum
control to selectively form and break chemical bonds, to steer molecular dynamics or to
manipulate electronic structures and dynamics in various quantum systems ranging from
atoms to clusters, solids and complex biomolecules [52]. One important application in
this context is optimization, for which control is a prerequisite. Another application is
the preparation of well-defined initial states and conditions of physical systems. In this
thesis the dispersion and more precise the spectral phase of few-cycle laser pulses is con-
trolled to shape these ultrashort pulses in time. Such well-controlled optical waveforms
are then applied for high-order harmonic generation. Here, by steering the electron tra-
jectories in the shaped electric field of the ultrashort pulses, the generation of attosecond
pulses is controlled in both spectral and temporal properties. Such controlled attosecond
pulses could then be further utilized to measure or control electron dynamics in atoms or
molecules [53]. Especially attosecond pulse trains are suitable to control strong fields pro-
cesses by predominantly selecting a single quantum path [54]. The process of high-order
harmonic generation provides access to both the natural time scale of electron dynamics
even for core electrons and the high spatial resolution defined by wavelengths of down to
∼10 nm in the extreme ultraviolet (XUV) or soft x-ray spectral region [28].
The most important property of the control with ultrashort optical pulses as utilized in this
thesis is its coherence. Coherence means that not only the amplitudes but also the relative
spectral phases of the pulses are well defined. For the ultrashort pulses in our setup as
well as for the generated attosecond pulses, the spectral phase are always precisely given
except for an offset φ0 which fluctuates from laser shot to laser shot. These well-defined
relative phases lead to pronounced interference patterns both in the time and the spectral
domain, which are in huge contrast to the pure superpositions which are expected in
the incoherent case. While it is possible to cancel out intensity (or probability) by the
coherent addition of a second laser field (or quantum wave function) at a certain energy,
time or location due to destructive interference, this is not possible by the incoherent
intensity superpositions. High-order harmonic generation was found to be a coherent
process [55, 56]. This enables us to coherently control both the spectral amplitudes and
phases of the produced attosecond pulses by the coherent control of the applied driver
field. In this thesis the control of the ultrafast driver pulses and then subsequent control of
the high harmonics is performed by manipulating purely the relative spectral phase of the
driver pulses that are utilized for HHG. The work thus demonstrates the power of these
phases for HHG control.
There are different ways to control HHG, on a macroscopic and a microscopic scale.
Macroscopic control utilizes properties of the generation medium as well as the geomet-
ric conditions to influence the production and above all the propagation of attosecond
pulses. Several gating techniques can be applied to reduce the number of generated at-
tosecond pulses to a few, or to produce an isolated attosecond pulse. After describing the
macroscopic aspects of HHG in the next section we will return to the microscopic control
of HHG, which is realized by manipulating the driver field by the carrier-envelope phase
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in chapter 3 and additionally by means of a second laser field in chapter 4.
Another approach for control of HHG applicable when molecules are used for the gener-
ation is based on the alignment of these molecules. Alignment means that the molecules
are rotated such that they are all parallel to a given axis (e.g. the laser polarization), while
orientation is an even stricter requirement, which additionally requests that the top and the
bottom side of the molecules (in case the molecule is asymmetric) must not be inverted.
It was experimentally shown for the linear molecule CO2 that the spectral intensity I¯(ω)
and the spectral phase of the produced harmonics depend on the alignment angle [57].
The control originates from interference effects of the laser-driven electron wave packet
with the core, which depend on the angle of the recolliding electrons, determined by the
laser polarization and the molecular axis. This further leads to a modification of the in-
tensities of the individual attosecond pulses within the pulse train and thus to attosecond
pulse shaping.
The control approaches in this work are fundamentally different from methods which re-
shape the attosecond pulses—after they have been produced by conventional HHG—by
directly manipulating their amplitude and/or phase in the XUV-region. In 2005, Lòpez-
Martens et al. produced the to that date shortest attosecond pulse with a duration of 170 as
by compensation for the most part of the intrinsically non-flat spectral phase of the at-
tosecond pulses by the dispersion caused by three 200 nm thick aluminum foils [58]. A
more recent option for pulse compression in the XUV are specially designed multilayer
mirrors [59, 60].
2.5 Macroscopic Effects in High-order Harmonic Gener-
ation
While the focus of HHG control in this work lies on the microscopic control of HHG,
which is given by the time-dependent single-atom response to the electric field of the
shaped driving laser pulse, there are a number of macroscopic effects (for a review see
Ref. [61]) involved in HHG which are now discussed. This leads us to conditions for the
generation of isolated attosecond pulses, for which common techniques are presented.
2.5.1 Phase Matching
In practice the attosecond pulses are not produced from a single atom, but from a large
number of atoms, so that the recorded HHG signal results from the interference of all pro-
duced pulses, and propagation effects in the generation medium become important. For
the determination of the relative phases of the attosecond pulses produced from individual
atoms three contributions are important [28, 4]:
1. The neutral dispersion: It arises from the fact that the speed of light depends on the
refractive index n(ω) of the generation medium, which is in turn dependent on the
spectral frequency ω. Thus the attosecond pulses travel with a different speed in the
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Figure 2.6: Phase matching of high-order harmonic generation. The attosecond pulses produced
coherently by many atoms in the conversion medium need to interfere constructively for the build-
up of a macroscopic HHG signal, which can be achieved when the driver field and the XUV light
travel in phase with the same phase velocity.
generation medium than the near-infrared driver pulses at ωf . With the wavevector
depending on the refractive index
kdisp.(ω) =
(
n(ω)− 1
)ω
c
, (2.31)
we can calculate the wavevector mismatch (=difference) for the mth harmonic at
the spectral frequencymωf with respect to fundamental field:
∆k = mk(ωf )− k(mωf ), (2.32)
∆kdisp.(ω) = mkdisp.(ωf )− kdisp.(mωf ) =
(
n(ωf )− n(mωf )
)mωf
c
(2.33)
The refractive index is in general higher for the driver pulse at ωf (in the infrared
or visible region) than for the attosecond pulses at mωf in the extreme ultraviolet.
Thus, we obtain:
∆kdisp. > 0. (2.34)
The neutral dispersion can be controlled by the choice of the conversion medium
(different gases, etc.). For this purpose also different gases can be mixed [62].
2. The plasma dispersion:
The strong electric driver field ionizes a large number of atoms in the generation
medium. Only a small fraction of the freed electrons recombine directly within the
third step of the high-harmonic generation model. The remaining electrons miss
the atom and stay free for a much longer time than the driver pulse length (several
ns), creating a plasma, whose electron density is increasing in time by this process
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during the driver pulse. The freed electrons oscillate with the electric driver field
around their ionic parent atoms, for what the resonance (termed plasma frequency)
is given by
ωp =
√
e2Ne
ǫ0me
. (2.35)
Here,Ne is the free electron density, e the unit charge, ǫ0 the dielectric constant and
me the electron mass. The plasma resonance leads to a polarizability of the gener-
ation medium and thus to a frequency-dependent refractive index of the generation
medium:
nplasma(ω) =
√
1−
(ωp
ω
)2
=
√
1− Ne
Nc(ω)
(2.36)
with the critical plasma density
Nc =
ǫ0meω
2
e2
. (2.37)
At the critical plasma density the plasma becomes completely intransparent. For
typical field strengths, gas densities, and a driver wavelength of about 750 nm, the
free-electron density is much lower than the critical plasma density, so that we can
approximate the refractive index in the plasma by
nplasma(ω) ≈ 1− 1
2
(ωp
ω
)2
. (2.38)
It arises then for the wavevector
kplasma(ω) = (nplasma(ω)− 1) ω
c
= − ω
2
p
2cω
, (2.39)
and thus for the wavevector mismatch
∆kplasma(ω) = mkplasma(ωf )− kplasma(mωf ) =
ω2p(1−m2)
2mcωf
. (2.40)
Hence, the plasma contribution to the wavevector mismatch is negative:
∆kplasma < 0. (2.41)
3. The geometrical dispersion: In the following we consider the situation that the
driving laser field is focused into the generation medium by a focusing mirror as
in our experimental realization. The geometrical dispersion is different for HHG
in a guided geometry, e.g. in a capillary. In the laser focus the beam waist w0 is
determined by the focal length f , the wavelength and the beam radius w on the
focal mirror
w0 =
f
πw
λ, (2.42)
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while the beam radius is a function of the z-position, according to
w(z) = w0
√
1 +
(
z
zR
)2
(2.43)
with the Rayleigh length
zR =
πw20
λ
. (2.44)
This holds true for a previously collimated laser beam. We can define a space-
dependent wavevector ~k(~r) as the derivative of the space-dependent phase Φ(z):
~k(~r) = ~∇Φ(~r). (2.45)
For our focus geometry the spatial phase is given by
Φgeo.(z) = arctan
(
λz
πw20
)
= arctan
(
2z
b
)
. (2.46)
This spatial phase is called the Gouy phase and turns from −pi
2
to +pi
2
by passing
through the focus. Its influence on focused few-cycle laser pulses was first mea-
sured in Ref. [63]. The Gouy phase produces a geometrical contribution to the
wavevector, which we can approximate for a small range around the focus (z ≪ b)
to
kgeo.(z) =
dΦgeo.(z)
dz
≈ −2
b
. (2.47)
Here, b is the confocal parameter b = 2πw20/λ = 2zR. Thus, the geometric contri-
bution to the wavevector mismatch is negative:
∆kgeo. = mkgeo.(ωf )− kgeo.(mωf ) = 2(1−m)
b
< 0. (2.48)
The attosecond-pulse generation is most efficient for
∆k = ∆kdisp. +∆kplasma +∆kgeo. = 0. (2.49)
In this case the attosecond pulses travel in phase with the driver field and the contributions
of all atoms add up constructively. This condition is called phase matching. For ∆k 6= 0
the conversion efficiency decreases and can be described by
I(L) ∝ L2sinc2
(
∆kL
2
)
, (2.50)
where L is the propagation length in the conversion medium [4].
Phase-matched HHG in a gas-filled capillary waveguide was experimentally demonstrated
in 1998 by Rundquist et al. [64]. Today, the production of phase-matched soft x-ray high
harmonics by tabletop wave-guides with energies up to 1600 eV have been experimen-
tally realized [65, 66] and the extension to hard x-rays in the multi-keV range has been
predicted [37].
In the focused geometry, after choosing the geometrical parameters such as the focal
length and the length of the generation medium, the phase-matching conditions and thus
also the harmonic yield can be controlled by:
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• the z-position of the generation medium with respect to the focus position of the
laser field, which determines the Gouy phase.
• the choice of the gas(es) and the gas pressure. The ionization potential of the gas
effects the ionization rate and thus the plasma density as well as the rate of electron
recollisions.
• the laser power, which implies at a given geometry the peak intensity as a function
of the z-position.
See Ref. [67] for a detailed study of the phase-matching conditions and the resulting
harmonic yields for the same HHG geometry as applied in our experimental setup. The
simulations show that for high peak intensities (>0.13 a.u.) the phase-matching efficiency
typically drops drastically within the laser pulse after a few half-cycles due to an increased
plasma density.
2.5.2 Temporal Gating Techniques
In the process of traditional HHG attosecond pulses are in general produced every half-
cycle of a multi-cycle driving laser field. Several techniques have been developed to
reduce the number of attosecond pulses or to especially generate a single, isolated at-
tosecond pulse (IAP) [68]. For this purpose the generation of attosecond pulses at more
than one half-cycle has to be averted, e.g. by leaving only a short temporal gate open for
HHG [69]. Short IAPs are ideally suited to probe attosecond electron dynamics induced
commonly by a more intense few-cycle fs laser pulse. Since the conversion efficiency
of HHG is low (∼10−5% of the driver pulse intensity), experiments with IAPs both for
pump and probe are usually not applicable [53]. Much effort in the field is devoted to
shortening the pulse duration of the IAPs and to increase their comparably still low inten-
sity [70, 71]. One approach is based on the fact that the harmonic cut-off energy depends
on the intensity of the driver field. Applying spectral filters, usually foils of metals like
zirconium, which remove the low-order harmonics, the production of attosecond pulses
is restricted to the half-cycles where the instantaneous driver intensity I(t) is above a
threshold Ithres. This gating method is accordingly called intensity gating. For the con-
trol of high harmonics in our work it implies the important consequence that we have to
control the shape of only these few half-cycles where the intensity is high enough for the
generation of harmonics in the accessible energy range.
Another important gating technique can be understood with the three-step model. For
HHG in atoms it is necessary that the electron returns for recombination to its parent
atom, which is classically given for a linear polarization of the laser field, but not for
an elliptically polarized field. Quantum dynamically a small part of the wave function
still reaches the atom due to the wave packet delocalization and size of the atom, but
the fraction is typically reduced by a factor of ten for ellipticities between 0.1 and 0.2
compared to the linear polarization [72]. Thus by temporally varying the ellipticity of the
driving laser field a short gate for HHG can be created. Corkum et al. [12] suggested and
Sansone et al. as well as Sola et al. [73, 74] demonstrated experimentally that an isolated
attosecond pulse can be produced by this technique, which is termed polarization gating.
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In contrast to gating by spectrally selecting the highest harmonics [75] the full spectral
bandwidth can be used, which is advantageous for the creation of a very short isolated
attosecond pulse. The generation of an isolated attosecond pulse can also be achieved by
shaping the driver field with the addition of a second or even a third driver laser field at
different frequencies. In chapter 4 we will, among other things, discuss the prospects of
two-color or multi-color control schemes in the view of the IAP- or isolated-double-pulse
production. The methods of polarization gating and two-color control can be combined
for the generation of IAPs, which is termed double optical gating [76, 77]. The contrast
of the generated IAP can be measured with respect to weak remaining pulses in case there
are any by analyzing the photoelectron spectrum when both the attosecond pulses and the
driving laser field are refocused into a gaseous medium [78].
A further gating mechanism is based on the rapidly ongoing ionization induced by an
intense driver pulse. When all atoms are ionized no attosecond pulses can be produced
any more due to ground-state depletion [79]. By the control of the macroscopic phase
matching the temporal gate can be closed even earlier on the leading edge of the driver
pulse [80, 81]. The reason is that already a comparably small plasma density can lead to
a phase mismatch ∆k 6= 0, which suppresses the macroscopic generation of attosecond
pulses. This way the increased ionization within a single half-cycle of a 3.3-fs pulse en-
abled the experimental generation of a sub-100-as pulse [75] without the need of polariza-
tion gating or a second laser field. A recent overview over the different gating techniques
in HHG has been published in Ref. [70].
2.6 The Laser System
For the HHG-control experiments which are the major goal of this work phase-stabilized
few-cycle laser pulses with a peak intensity on the order of several 1014 W/cm2 when
focused to a typical spot size of ∼50 µm are required. The laser system which delivers
such intense ultrashort pulses in the visible to near-infrared range is described in this
section along with the applied techniques to broaden the spectral bandwidth of the pulses,
to compress them to their bandwidth-limited length, to control their absolute phase φ0 and
to determine their temporal duration. The laser system was newly set up, equipped with a
self-made monitoring system and is further described in Ref. [3].
2.6.1 Oscillator, Amplifier and Compressor
In our setup the commercially available [82] laser system "Femtopower Compact pro
CEP" is utilized. It consists of an oscillator, amplifier and compressor and delivers am-
plified sub-30 fs long, CEP-stabilized pulses at a center wavelength of 800 nm with a
repetition rate of 4 kHz and pulse energies of a few mJ. The details of the CEP stabiliza-
tion are given in section 5.5.2. The oscillator provides sub-10 fs long laser pulses at a
high repetition rate of typically 80 MHz with low pulse energies in the nJ-range. Thus the
pulses are subsequently amplified to a pulse energy of up to 0.8 mJ by a technique termed
chirped pulse amplification [83]. If the pulses kept their original pulse duration the inten-
sity in the amplifier crystal would be high enough to damage the crystal. To avoid this
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a thick fused silica glass plate is employed to introduce a temporal chirp on the pulses,
which increases the pulse duration to a few ns and thus drops the peak intensity below
the damage threshold. Both in the oscillator and the amplifier a titanium-doped sapphire
crystal (Ti:Al2O3, or shortly Ti:Sa) is employed as the gain medium. The pulses are
guided 9 times through the amplifier crystal, which is pumped with a high optical power
of ∼28 W by a Q-switched diode laser (DM-30, Photonics Industries). The pump laser
is synchronized to the amplifier repetition rate of 4 kHz. After amplification the chirped
pulses are finally compressed to close to their bandwidth-limited duration (<30 fs). This
is realized utilizing a compressor built up of two precisely arranged prisms and special
"chirped" mirrors which are capable of compensating higher orders of dispersion (see
section 2.6.3).
2.6.2 Hollow-core Fiber
For the generation of few-cycle pulses a large spectral bandwidth is required since the
Fourier-limited pulse duration scales inversely with the optical bandwidth: A two-cycle
laser pulse at λ = 750 nm with tFWHM = 5 fs for example requires a bandwidth
∆ωFWHM = 0.57 fs
−1. A cycle number as low as technically realizable is favorable
for the observation of CEP effects (which are then most pronounced), the application of
CEP control of HHG and the generation of few or isolated attosecond pulses. An effect
termed self-phase modulation (SPM) helps to broaden the originally available bandwidth
and is described in the following. It is based on the fact that the refractive index is signifi-
cantly intensity dependent for high intensities of the laser field, which can to the first order
be approximated with the nonlinear index coefficient n2 in the Taylor series expanded in
powers of the intensity [17]:
n(I) = n0 + n2I(t) + . . . (2.51)
This is in contrast to the linear optics at low or moderate intensities, where the refractive
index does not or only insignificantly depend on the intensity. Within the duration of the
laser pulse there is at first a drastic increase of the temporal intensity I(t) until the peak
intensity is reached, followed by a likewise drastic decrease of the intensity in the second
half of the laser pulse. Thus an intense laser pulse experiences a significant temporal
variation of the refractive index of the medium during its propagation through it. The
change of the refractive index affects the instantaneous frequency of the laser pulse, which
is given by
ω(t) =
dφ(t)
dt
= ω − dn(t)
dt
ω
c
z, (2.52)
with the propagation length z. At the rising-intensity edge of the pulse, the instanta-
neous frequency is lower, which means that in the spectral domain additional lower (red)
frequencies are produced. The opposite holds for the trailing edge of the pulse, where ad-
ditional higher (blue) frequencies are generated. Due to the creation of additional spectral
components both at the red and the blue side of the spectrum, the spectrum is broad-
ened, which leads to the ability to reduce the pulse duration to a shorter Fourier limit.
The effect is termed self-phase modulation because the laser pulse modifies its temporal
phase itself due to the intensity- and thus time-dependent refractive index of the medium,
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Figure 2.7: Spectral broadening by self-phase modulation in the hollow fiber. Measured laser
spectra recorded before (blue line) and after the hollow fiber without (black line) and with 1.38 bar
neon (red line).
while the temporal amplitude of the pulse is not affected [4]. To reach the Fourier-limited
pulse duration the pulse has to be compressed after the SPM by compensating the non-flat
temporal phase accumulated by the dispersion (see the next section) and the SPM.
SPM can be applied for spectral broadening for example in hollow-core waveguides filled
with a noble gas [84]. In our experimental setup, we focus the laser beam, for this pur-
pose, with a lens into a roughly 70 cm long hollow-core fiber filled with neon at a pressure
of up to 1.5 bar. SPM takes place due to the high laser intensity. The refractive index is
not only modulated temporally as described before, but also spatially due to the increase
of the intensity towards the spatial center of the beam. This leads to an enhanced focusing
of the laser beam and thus to an even higher intensity after the propagation of a few cen-
timeters in the hollow-core fiber. The high intensity induces a weakly ionized plasma by
multi-photon ionization, which starts usually at intensities of ∼1013 W/cm2 in gases [85].
As a result the plasma defocuses the beam again and thereby reduces the intensity after
another few centimeters, which starts the process again. The focusing and defocusing
sections take turn several times within the hollow fiber. A filament is generated with the
multi-photon ionization acting as a regulating mechanism [85]. A review of filamentation
induced by intense femtosecond laser pulses and its spectral effects is given in Ref. [86].
Fig. 2.7 shows a typical laser spectrum before and after the hollow fiber, unfilled and filled
with 1.38 bar neon. The spectral broadening reduces the Fourier-transform limited pulse
duration from ∼20 fs to ∼6 fs. A typical throughput of the optical power through the
hollow fiber is about 65%.
The generation of new frequencies either on the blue (+) or the red (-) side of the spectrum
can be understood as result of the addition of two frequencies and the subtraction of a
third frequency, where these three frequencies ω1 to ω3 must belong to the fundamental
spectrum:
self − phase modulation : ~(ω1)± (~(ω2)− ~(ω3))→ ~(ω1 ± (ω2 − ω3)). (2.53)
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Besides the spectral broadening, a blue-shift of the spectrum can be observed. The center
of mass wavelength is shifted from 779 nm (unfilled fiber) or 784 nm (before the fiber) to
749 nm (fiber filled with 1.38 bar neon) in the measured spectra presented in Fig. 2.7. The
intensity-dependent blue shift is caused mainly by optical-field induced ionization [87].
2.6.3 Dispersion Compensation
2.6.3.1 Basics
In a medium different frequencies of the transmitted light travel with different velocities
and thus accumulate a different spectral phases φ(ω). The effect is known as dispersion
and is now discussed in more detail. We consider plane waves of a laser pulse with the
spectral amplitude A(ω) propagating in z-direction through a medium with a frequency-
dependent refractive index n(ω):
˜¯E(ω, z) = A˜(ω) · exp[i(ωt− k(ω)z)]. (2.54)
We identify the spectral phase of this field by
φ(ω) = ωt− k(ω)z + φ(ω)|t=0,z=0. (2.55)
The frequency-dependent wave-vector depends on the refractive index:
k(ω) =
ω
c
· n(ω). (2.56)
We see that a frequency-dependent refractive index adds contributions to the spectral
phase that are nonlinear in ω. The spectral phase is changed by the propagation by
∆φ(ω) = ωt− k(ω)z, (2.57)
while the spectral amplitude and the laser spectrum of course stay the same. In the fol-
lowing we decompose the change of the spectral phase∆φ(ω) as a Taylor series of ω and
explain how the individual orders j effect the pulse shape in time:
∆φ(ω) =
∞∑
j=0
bj
j!
ωj, (2.58)
with the coefficients
bj =
dj
dωj
k(ω) =
dj
dωj
∆φ(ω). (2.59)
The zeroth order b0 changes the absolute spectral phase φ0 as a function of z. This means
the CEP of the pulse changes by the propagation, while the pulse envelope stays the same:
b0 = −z
c
ωn(ω). (2.60)
The next three coefficients read:
b1 = −z
c
(
ω
d
dω
n(ω) + n(ω)
)
, (2.61)
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b2 = −z
c
(
ω
d2
dω2
n(ω) + 2
d
dω
n(ω)
)
, (2.62)
b3 = −z
c
(
ω
d3
dω3
n(ω) + 3
d2
dω2
n(ω)
)
. (2.63)
The first order coefficient b1 corresponds to a time delay −τ , by which the whole pulse
is shifted in time, but still retaining its pulse shape. This can be seen by considering the
group velocity, given by
vg(ω) =
dω(k)
dk
|k=k(ω) =
(
dk(ω)
dω
)−1
. (2.64)
With vg at hand b1 simplifies to:
b1 = − z
vg(ω)
= −τ. (2.65)
Therefore b1 is also called the group delay (GD). The second coefficient b2 is the group-
delay dispersion (GDD). It means that the spectral components build up a now frequency-
dependent GD(ω), which is linear in ω. A positive GDD is introduced by positive mate-
rial dispersion, for instance in glass or air, and means that the low (red) spectral compo-
nents travel before the high (blue) frequencies. The third coefficient b3 is the third-order
dispersion (TOD). It describes that the GD(ω), which the different spectral components
experience, is not linear, but quadratic with the frequency ω. The shortest pulses are ob-
tained for a "flat" spectral phase, which means that all nonlinear orders vanish (bj = 0 for
j > 1) and all spectral components arrive at the same time.
2.6.3.2 Experimental Realization
In our experimental setup the laser pulses experience positive material dispersion by the
propagation in air and fused silica glass. One meter of air causes at 800 nm a GDD of
20.05± 0.05 fs2 and a TOD of 11.8± 0.2 fs3 [88], while 1 mm of fused silica at 750 nm
introduces a GDD of 40.3 fs2 and a TOD of 25.99 fs3 [89].
There are several techniques available to compensate for the dispersion. The idea is to add
to a dispersion-introduced spectral phase φ(ω)dis. an additional spectral phase φ(ω)comp.
with opposite coefficients bj,comp. = −bj,disp. for j > 1 in a way that the resulting phase
φ(ω)total = φ(ω)dis. + φ(ω)comp. is only linear in ω and the pulse duration consequently
Fourier-transform limited. For this purpose, the different frequencies have to travel dif-
ferent path lengths. For perfect dispersion compensation the necessary path-length differ-
ence would have to be
∆z(ω) = φ(ω)comp.
c
ω · n(ω) . (2.66)
Commonly pairs of prisms or gratings are utilized to introduce a negative GDD [90, 91].
In our setup a pair of prisms is part of the compressor in the Femtopower laser system as
manufactured by the company FEMTOLASERS Produktions GmbH (see section 2.6.1).
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Figure 2.8: Customized chirped-mirror compressor placed after the hollow fiber.
Another technique are dispersive multilayer mirrors, shortly called chirped mirrors [92].
They are coated with many layers of increasing thickness consisting of alternating low
and high-index dielectrica. As a consequence, the classical turning points of the laser light
depend on the spectral frequency ω. A lower (red) frequency ω1 penetrates deeper into
the chirped mirror than a higher (blue) frequency ω2, leading to a group-delay difference
∆GDCM. and thus a negative group delay dispersion
GDDCM. ≈ ∆GDCM.
ω2 − ω1 , (2.67)
which can compensate for a positive material dispersion e.g. produced by glass or air.
Usually matched pairs of chirped mirrors are applied to compensate spectral ripples in
the GDDCM.(ω) function. The frequency-dependent GDD(ω) can be flattened by using
a pair of chirped mirrors with ripples with opposite phases [93]. An advantage of chirped
mirrors is that the total GDDall CM.(ω) of all chirped mirrors can be customized to the
total dispersion in the setup in a way that also higher orders of dispersion bj like the
TOD are accounted for and can be compensated. This is favorable in comparison to the
prisms- or grating-based dispersion compensation, where the shape of the relativeGD(ω)
is restricted by the geometry. Chirped mirrors have been presented in the visible (VIS)
and near infrared (NIR) with spectral bandwidths up to 1.5 octaves today, allowing a
compression of the pulse down to a length of sub-3 fs, which is only little more than one
full laser cycle [94]. A review of chirped mirror technology is given in Ref. [93].
In our setup we use a customized chirped-mirror compressor to compensate for the disper-
sion caused by ∼5.0 m of air and ∼5.6 mm of fused silica in the beam path between the
hollow fiber and the HHG experiment. A second customized chirped-mirror compressor
compensates the dispersion accumulated in a pulse-shaper setup (see chapter 5), to which
the beam can be optionally sent before HHG.
2.6.4 Phase Stabilization
Before 2000, it was not possible to stabilize the absolute phase of an ultrashort laser pulse,
expressed by the carrier-envelope phase (CEP) φ0 as defined in Eq. 2.5 [95]. The CEP
equals the momentary temporal phase of the electric field at the peak of the envelope (see
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section 3.1) and its stabilization means that φ0 does not vary from pulse to pulse. In this
section the technique of the CEP stabilization and its realization in our setup is described.
The basic principle is that the mode-locked pulse train in the oscillator exhibits a fre-
quency comb in the spectral domain [95]. A frequency comb consists of very narrow and
completely equidistant spectral lines. The spacing of these lines is given by the repetition
rate frep, which is in the MHz-range, so that the spectral positions of the nth modes reads:
fn = nfrep + δ. (2.68)
Let us imagine what consequences a stabilization of this comb would have for the shape
of the pulses in the time domain. The Fourier transformation into the time domain reveals
a pulse train with a pulse spacing of 1/frep and a pulse duration determined by the spectral
bandwidth. The constant δ in the spectral domain represents a linear phase in time: 2πδt.
If δ is a fraction 1/m of frep then the linear spectral phase is φ(t) =
2pi·m
frep
, which means
that every mth pulse has the same phase (CEP) modulo 2π. Thus the CEP difference
between two subsequent pulses is given by
∆φ0 =
2π
m
=
2π · δ
frep
. (2.69)
Consequently two tasks have to be solved for CEP stabilization. Firstly, the comb has to
be stabilized, which means a stabilization of δ, and secondly everymth pulse (or multiple)
has to be selected for amplification. CEP-stabilized laser systems like ours are nowadays
commercially available. The first task is realized by broadening the spectrum of the oscil-
lator to more than one octave by SPM or DFG and overlapping a part of the blue side of
the spectrum with the frequency-doubled spectrum generated by second harmonic (SH)
generation. The frequency-doubled comb has the frequency offset 2δ, its difference to the
fundamental comb thus equals δ, which leads to a beating of the two subfields in time
with the frequency δ when the interference region is spectrally selected. The resulting
beat note is recorded with a photo diode and used in our setup for feedback control of δ.
This is realized by precisely modulating the pump laser intensity with an accusto-optical
modulator (AOM), which in turn tunes δ. The feedback control is set to the condition
δ = frep/4 so that every forth oscillator pulse has the same CEP value and is selected for
amplification by an electro-optical Pockel’s cell.
This kind of stabilization does not yet correct for long-term drifts of the CEP caused by
thermal effects and drifts of the beams through the compressor. To account for this a
commercial f-to-2f interferometer (from Menlo Systems GmbH) is employed. A low-
intensity replica of the laser pulse after the compressor is spectrally broadened to more
than one octave in a beta-barium borate (BBO) crystal and then used for SH generation.
The interference signal of the frequency doubled and fundamental pulse is recorded with
a compact Czerny-Turner spectrometer (Thorlabs SP1-USB) and the interference pattern
in the overlap region of both pulses is then analyzed by means of complex Fourier fil-
tering. The relative CEP value arises from the spectral phase of the interference pattern.
This computed value is used as a feedback signal to adapt the amount of glass in the beam
path. For this purpose the insertion of a prism is piezoelectrically corrected in the pulse
stretcher, which in turn controls the CEP. The temporal short and long-term CEP stability
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of this method is analyzed in Refs. [3, 96]. The references contain also a further descrip-
tion of the experimental implementation of the feedback-controlled CEP stabilization in
the setup, which includes an optional second f-2f spectrometer for CEP determination
placed after the hollow fiber. With current technology, the CEP in a train of few-cycle
laser pulses, produced by a Ti:sapphire oscillator and compressed to a length of 6 fs, can
be stabilized within a precision of 0.016× 2π rad, corresponding to a precision in time of
44 as [97].
2.6.5 Laser Pulse Measurement
In order to measure an ultrashort event like a laser pulse, regardless of whether only its
pulse duration or the complete time-dependent real electric field, one needs a sampling
process which is at least as short as the event itself. Otherwise the measured temporal
structure would be smeared out or even not be detected at all. For ultrashort laser pulses
there is typically nothing shorter available as the pulses themselves; thus they are applied
as a sampling method themselves. A brief overview over such self-referencing techniques
is given in this section, starting with the autocorrelation technique. A more extensive
review of different ultrashort pulse characterization and -control techniques can be found
in the Refs. [98, 28].
For the autocorrelation, the laser pulse is split up into two identical copies, which are
recombined after in one path a variable and controlled time delay τ was applied to one of
them. This can be experimentally realized with a Michelson- or Mach-Zehnder interfer-
ometer, in which one arm has a variable path length. The electric field of the recombined
pulse then reads:
Erec(t, τ) = E(t) + E(t− τ), (2.70)
with τ given by the path difference divided by c. To perform an autocorrelation, a signal
which contains the product E(t) · E(t − τ) is required. This can be achieved only by a
nonlinear process, the response of which includes higher orders of the intensity Erec(t−
τ). The easiest process of this kind is the second harmonic generation, at which the
doubled frequency 2ωc is produced with an electric field∝ Erec(t, τ)2. Thus we can write
for the electric field of the produced SH:
ESH(t, τ) ∝ Erec(t, τ)2 = E(t)2 + E(t− τ)2 + 2E(t)E(t− τ). (2.71)
After spectrally filtering out the fundamental light at ωc, we measure the photo current,
which is proportional to the time-averaged SH intensity and dependent on the time delay:
Jphoto(τ) ∝
∫ ∞
−∞
ISH(t, τ)dt ∝
∫ ∞
−∞
|ESH(t− τ)|2dt =
∫ ∞
−∞
ESH(t, τ)E
∗
SH(t, τ)dt.
(2.72)
As a function of τ we obtain an interference pattern with an amplitude which is deter-
mined by the overlap of the two pulse replicas. Out of this signal the pulse duration
tFWHM can be determined. Yet the exact shape of the electric field or its temporal phase
φ(t) cannot be retrieved by the autocorrelation method. Fig. 2.9 shows a measured au-
tocorrelation signal and the corresponding laser spectrum for the laser pulse in the ex-
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Figure 2.9: Autocorrelation measurement for the determination of the pulse duration. The auto-
correlation trace (b) implies a pulse duration of tFWHM = 6.4 fs, which is close to the Fourier-
transform limited pulse duration tFT−limit = 5.3 fs calculated from the measured laser spectrum
shown in (a).
periment after the hollow fiber, the chirped-mirror compressors and the pulse shaper (de-
scribed in section 5.2). The determined pulse duration is tFWHM = 6.4 fs. The laser
spectrum would support a Fourier-transform limited pulse of 5.3 fs. The close agreement
of the measured pulse duration in comparison to the bandwidth-limited value illustrates
an excellent dispersion-compensation ability in the setup, where in total the dispersion
introduced by about 32 mm fused silica glass and ∼10 m air after the hollow fiber has
been removed. Without chirp mirrors the pulse duration in this case is calculated to be
∼1 ps.
If the beam intensity is too low to produce a sufficient second harmonic signal for auto-
correlation, the pulse duration can be determined with the help of a stronger additional
laser field, which is superposed with a variable time delay τ . For this technique, termed
cross-correlation, the combined field is applied for the second-order nonlinear process
now termed sum-frequency generation, instead of second-harmonic generation, because
the frequencies of the weak and the strong laser field are not necessarily the same.
This yields a photo current of the detected sum-frequency generated light proportional to
Jphoto,nc ∝
∫ ∞
−∞
I(t)Is(t− τ)dt, (2.73)
with Is being the intensity of the strong reference beam.
Both at autocorrelation and crosscorrelation the correlation signal gives only information
about the temporal energy distribution in the pulse and does therefore not reveal the full
information (amplitude and phase) encoded in the complex function E˜(t). Even the in-
tensity profile I(t) cannot be retrieved directly. For a Gaussian-shaped laser pulse the
connection between the width (FWHM) of the correlation signal τcor and pulse duration
τpulse defined by FWHM of I(t) is given by
τcor
τpulse
=
√
2. (2.74)
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This holds true only for the second-order autocorrelation, but not for crosscorrelations,
third- or higher-order autocorrelations.
Other techniques for laser-pulse measurement are frequency-resolved optical gating
(FROG) [99] or spectral-phase interferometry for direct electric field reconstruction (SPI-
DER) [100]. Both methods make use of the spectral information which is encoded in an
interference signal.
Another approach to retrieve the waveform of femtosecond laser pulses is the streaking
technique. The principle goes back to streaking cameras, where the acceleration of elec-
trons is used to map the time information of a fast changing electric field or laser pulse
to a momentum distribution which is encoded in the spatial distribution of the electrons
after the propagation through a drift distance and can be detected for example by a multi-
channel plate detector [101, 102]. In the advanced method an isolated attosecond pulse
(IAP) is used to ionize atoms within the very confined (subcycle) temporal range of the
IAP [53, 103]. The freed electrons are then accelerated in the electric field of a CEP-
stabilized laser pulse and gain its vector potential at the time of ionization as the final
momentum after the laser pulse has passed. This momentum distribution is then mea-
sured as a function of the time delay between the IAP and laser field. Thus the electric
field of the ultrashort laser pulse can be determined as the derivative of the vector potential
encoded in the streaking trace.
2.7 The Attosecond Beamline
High-order harmonic generation was performed in a newly designed and set up attosecond
beamline, which is described in this section (see Ref. [3] for further details of the setup
and the alignment). Extreme ultraviolet light exhibits a strong absorption in atmospheric-
pressure air, but the transmission through 1 m air in the spectral range 25-125 eV is
already >93% at a pressure of 10−3 mbar. Thus the setup must be placed in vacuum, but
the vacuum requirements are not very strict for the HHG experiments (the pressure should
be below 10−3 mbar). Fig. 2.10 gives an overview over the attosecond beamline. For
HHG a stainless-steel cell of 2 mm inner diameter is placed in the first vacuum chamber
and filled with argon as generation medium at a variable gas pressure. The laser beam is
focused into this cell with a spherical focusing mirror outside the vacuum chamber with
a focal length of f = 50 cm. The generation cell has two holes of 100 µm diameter to
guide the beam. The effective conversion length is 2.5 to 3 mm. For its calculation the
thickness of the claddings of each 0.2 mm around the holes and the gas flow out of the
cell along the beam direction was taken into account. The produced XUV light travels
inside the IR beam through the further setup, with an angular divergence that is much
lower than the divergence of the IR light. Turbo molecular pumps keep the gas pressure
below 10−3 mbar at HHG operation in the first chamber (2000 l/s pumping speed) and
below 10−5 mbar in the other chambers.
The second large vacuum chamber contains an interferometric split-mirror setup, in which
a time delay between the IR und XUV pulses can be introduced with very high (attosec-
ond) precision. For this purpose a gold-coated 2 mm high and 10 mm broad mirror is
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Figure 2.10: Setup of the attosecond beamline (from [3]). In the first vacuum chamber the at-
tosecond pulses are produced in an argon-filled cell. A special split-mirror setup and a target cell
allow for interferometric experiments with time-delayed IR and XUV pulses. Finally, the high
harmonics are recorded with a high-resolution flat-field XUV spectrometer (see Fig. 2.12).
placed coplanarly within and translated piezo-electrically with respect to a 26 mm high
and 100 mm wide silver-coated outer mirror. A root-mean-square (RMS) surface flatness
below 0.5 nm allows for a high reflectivity and conservation of the coherence. While
the XUV light is reflected only by the inner mirror due to its lower divergence, the outer
mirror guides the IR beam. The complete separation of the IR and XUV is secured by
a concentrically mounted metal filter and polymer membranes. Holes in the membrane
restrict the XUV beam to a position where selectively mounted aluminum or zirconium
filters remove the IR and low-order harmonics. A toroidal mirror focuses both beams
into a target cell, which is an exact copy of the generation cell and placed in the third big
vacuum chamber. For more details on the alignment of the toroidal mirror see Ref. [104].
The inclusion of the interferometric setup in the beamline allows to introduce and mea-
sure electron dynamics in atoms and molecules on attosecond time scales. It was not
applied in the experiments that are subject of this work, but could be combined in future
experiments. With this setup, the correlated electron dynamics of doubly-exited helium
was measured, revealing among other results a 1-fs periodic quantum beating of a two-
electron wavepacket and the complete inversion of Fano absorption line shapes [105, 3].
In the spectrometer chamber, two additional 200 nm thick metal filter foils remove VIS-
and IR stray light and low-order harmonics. A movable mounting of the filters allows the
selection of either aluminum or zirconium filters without opening the chamber. A grazing-
incidence variable-line-spacing (VLS) diffraction grating with an average groove density
of 1200 mm−1 spectrally resolves the XUV light into the camera plane. The spectra are
recorded in first diffraction order with a back-side-illuminated thermo-electrically cooled
charge-coupled device (CCD) camera, the sensitivity of which is optimized for the XUV
range and combines a high dynamic range with a low thermal and readout noise [107].
The camera is mounted highly stable and moveable parallelly to the camera plane in a
manner that a spectral range from ∼20 to 120 eV can be precisely selected. Out of the
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Figure 2.11: Spectral removal of stray light and low-order harmonics by metal foils. Simulated
transmission through 0.4 µm aluminum (a) and 0.4 µm zirconium (b) [106].
geometry and pixel size (20x20 µm2) a spectral resolution of ∼27 meV at 60 eV photon
energy is estimated, while a comparison with a line convoluted by a Gaussian function
yielded a resolution of ∼47 meV [3].
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Figure 2.12: Setup of the customized high-resolution XUV spectrometer (from [3]). Pairs of
metal filters (1) are applied to remove visible stray light and low-order harmonics. (2) Variable-
line-space (VLS) grating, (3) flexible membrane bellow, (4) adjustment screws for coarse and fine
positioning, (5) bearing for the high-precision selection of the spectral range and (6) backside-
illuminated CCD chip of the cooled XUV camera.
Chapter 3
Coherent Control of High-order
Harmonic Generation by the
Carrier-envelope Phase
In this chapter the effect of the carrier-envelope phase of the driving laser field on high-
harmonic generation is investigated. It is analyzed how this single variable can have a
significant impact on the high-harmonic spectra, what demonstrates its ability for control.
This controllability will then be further extended in the following chapters. The control-
lability by means of the CEP is not restricted to HHG but considered to be suitable for
other experiments as well where electron dynamics is induced by a strong few-cycle laser
pulse. A few examples of such experiments are given. Further, a method is presented
which shows that—by applying CEP control and analyzing the high-harmonic spectra—
one can learn something about the process of HHG and attosecond pulse generation. In
particular, we explore the relative phases of the generated attosecond pulses, which cannot
be retrieved from a single high-harmonic spectrum alone.
The chapter is structured as follows: At first the dependence of the high harmonics from
the CEP is studied in section 3.1. Section 3.2 illustrates more generally the power of the
CEP to steer atomic and molecular electron dynamics. Finally a two-dimensional inter-
ferometric method which utilizes the CEP dependence of the measured high harmonics is
introduced and applied in section 3.3 to reveal the relative phases between the generated
attosecond pulses.
3.1 Carrier-envelope Phase Control of HHG
High-harmonic generation is strongly dependent on the exact shape of the electric field
Re(E(t)), since it is the instantaneous electric field strength, which determines the ion-
ization rate in the first step of the HHG model [22, 23] and the vector potential
A(trec.) = − e
me
∫ trec.
−∞
E(t′)dt′, (3.1)
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Figure 3.1: Illustration of the carrier-envelope phase (CEP, φ0). Electric field (solid line), instan-
taneous intensity (dashed line), and envelope (dots) of a Gaussian-shaped laser pulse with a 5 fs
duration (FWHM) for φ0 = 0 (a) and φ0 = −pi/2 (b). The CEP φ0 = 0 yields a cosine-like
electric field with the carrier-peak at the envelope maximum, while φ0 = −pi/2 gives a sine-like
pulse with a carrier which is shifted in time by φ0ω0 .
which defines the kinetic energy of the electrons at the recombination time trec.. The
ability to stabilize and set the phase between the carrier of the electric field and the pulse
envelope (carrier-envelope phase, CEP) [108, 109, 110] thus delivers a direct control tool
for HHG. In 2001, a method was found to measure the absolute CEP value of a few-
cycle laser pulse. It was proposed to record and compare high-energy spectra of above-
threshold ionized electrons for both sides along the direction of the laser polarization, the
relative contributions of which precisely depend on the absolute CEP [111]. The CEP
effects of above-threshold ionization in argon, xenon and krypton has also been inves-
tigated with few-cycle laser pulses fully angularly resolved by Kling et al. [112]. The
advancement of this method for single-shot CEP determination overcomes the need for
phase stabilization which had limited the precision so far [113]. A review of attosecond-
resolved measurements and CEP determination by above-threshold ionization (ATI) is
given in Ref. [114]. An alternative method for the absolute CEP determination is the
down-conversion of the pulse to the terahertz-regime by plasma generation in air. An in-
duced spatial charge asymmetry is found, which reveals the absolute CEP by the analysis
of the terahertz emission [115].
Baltuška et al. demonstrated experimentally that the CEP has a large effect on the HHG
spectrum, for example a periodic energy shift of the harmonic lines as a function of
the CEP enables to determine the relative CEP. They explained this effect by the con-
trolled evolution of the electron wave packet during HHG by the precisely controlled and
phase-stabilized electric driver field [116]. The CEP-dependent energy shift of the high-
harmonics peaks has also been observed by the first single-shot measurements of HHG
and attributed to the nonadiabatic single-atom response [117]. Sansone et al. then studied
theoretically the influence of the CEP on the short and long electron trajectories. While
the short trajectories can be controlled by the CEP only for few-cycle laser pulses, the
long trajectories can be influenced also by applying multiple-cycle pulses [118]. More-
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over it was observed that center photon energy of an isolated attosecond pulse which is
generated by ionization gating can be tuned by the CEP [119].
In general, the CEP effects are the more pronounced, the shorter the driver pulse is. We
consider Gaussian-shaped pulses in intensity. As can be seen in Fig. 3.1 sine-like pulses
(φ0 = −pi2 ) have two peaks with equal field intensity |Re[E(t)]|2 while cosine-like pulse
(φ0 = 0) have one strongest peak of the electric field and two next-stronger peaks. Hereby,
the intensity contrast between the strongest and subsequent peak is larger the shorter the
driver pulse is. Hence also the CEP effects in HHG are more pronounced for few-cycle
or even sub-cycle pulses than for multiple-cycle pulses. Since the vector potential is gen-
erally different for every half-cycle at which the electron trajectory starts (let us consider
for a moment only the short trajectories) the harmonic cut-off energy is different for ev-
ery attosecond pulse which is produced. The total spectrum then results from a coherent
addition of all half-cycle contributions. Each half-cycle contribution thereby strongly de-
pends on the CEP. Haworth et al. [120] showed experimentally that the individual cutoff
energies of the half-cycles can be identified in the harmonic spectrum and the CEP can be
determined precisely with an accuracy of 20 as for their 8.5 fs long driver pulse. Chipper-
field et al. demonstrated that by choosing the right focus conditions the cut-off harmonics
of each half-cycle can be selected by phase matching while the plateau harmonics are
suppressed for each half cycle [121]. The energies of these macroscopic half-cycle cut-
offs then yield a "fingerprint" of the driving laser pulse. The interference of spectrally
overlapping half-cycle cutoffs leads to modulations in the spectrum, e.g. possibly but not
necessarily to the two-omega spacing of the odd harmonics, but the half-cycle cutoff en-
ergies can still be indentified by a thought envelope or determined more precisely if a
low-pass filter is applied to the spectrum. By plotting the harmonic spectrum as a func-
tion of the CEP one can see how the cut-off energies of the individual half cycles increase
at first as the peak of the electric field comes closer to the maximum of the envelope, then
saturates for cosine-like shaped pulses (at φ0 = 0 and φ0 = π) and then would go down, if
phase matching is still fulfilled. Jullien et al. [81] proposed this method for the identifica-
tion of the temporal phase-matching gate. They demonstrated that the wavelength-tunable
isolated attosecond pulse in their CEP-controlled experiment has been phase-matched on
the leading edge of the few-cycle driver pulse. This produces half-cycle-cutoffs which
increase in energy when the CEP is scanned.
Figure 3.2 shows high-order harmonics generated in neon as a function of the CEP.
The measurements were performed in our experimental setup with a backing pressure
of ∼100 mbar and two 200 µm zirconium foils to remove the low-order harmonics and
the IR light. The conversion cell was placed shortly after the focus in (a) and shortly be-
fore the focus in (b). The half-cycle cutoffs as regions with the highest spectral intensities
are clearly visible in b) and tuned periodically by the CEP from about 80 eV to 92 eV. As
described above the CEP dependence of the half-cycle cutoff energies resolves the part of
the driver-pulse envelope where the attosecond pulses are emitted, which is the leading
edge in our case. The 2ω-modulation in energy is more pronounced in b) compared to
a). A possible explanation could be that more attosecond pulses are generated before the
focus, while the number of contributing trajectories and thus attosecond pulses is reduced
after the focus due to modified phase-matching conditions. Moreover, we clearly see in a)
that the energy of the odd harmonics is tuned periodically by the CEP. This behavior will
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Figure 3.2: CEP-dependence of high-order harmonics and half-cycle cut-offs (experimental re-
sults). Spectra of high-order harmonics as a function of the CEP measured after (a) and before
the focus (b). In both cases the energy of the harmonics is shifted by the CEP. This demonstrates
the ability of the CEP to control electron dynamics on a time scale corresponding to a fraction
of an optical cycle. In b) the high-harmonic spectra are composed of a coherent sum of CEP-
dependent half-cycle emissions which peak at different energies depending on their individual
cutoff energies. These so-called half-cycle cut-off (HCO) energies are clearly visible in the ob-
served harmonic spectra. The CEP dependence of the HCO energies resolves the envelope of that
part of the driving laser pulse where the attosecond pulses are emitted.
be further investigated in section 3.3. One goal behind this measurement was to demon-
strate the ability of the newly set up attosecond beamline described in chapter 2 to perform
pronounced CEP control with few-cycle laser pulses and to reproduce the findings in lit-
erature, before more enhanced control- and analysis schemes are introduced. The results
are in good agreement with the literature [120, 81].
3.2 CEP-Control of Electron Dynamics
The CEP of few-cycle laser pulses has become a key tool for ultrafast control of quan-
tum dynamics in the last years. For a review of quantum control see Refs. [50, 122] and
of CEP-control and spectroscopy of attosecond electron dynamics see Refs. [123, 124].
Since the measurement and control of electron dynamics is one goal targeted by the gen-
eration of tailored attosecond pulses a short overview over a few recent achievements in
the field of CEP control of electron dynamics (other than the electron dynamics involved
in HHG) are reviewed. In 2006, Kling et al. showed that the localization of electrons at
molecular dissociation can be controlled by the CEP by the example of molecular deu-
terium D2 →D++D+e− [125]. They use a 5 fs long, intense, phase-stable laser pulse to
ionize the molecule and to create a vibrational wave packet. Several pathways lead to the
production of D+, the angular and energy distribution of which is measured by a tech-
nique called velocity-map imaging. A pronounced asymmetry in the angular distribution
of the measured D+ ions and thus also in the electron localization at the other ion, re-
spectively, is observed and found to be controllable by the CEP. The ionization events are
integrated over the D+–energy range from 3 to 8 eV, in which the fragments are mainly
generated. In particular, it is possible to reverse the electron localization by changing the
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CEP by π, which turns the electric field upside down. The underlying mechanism is the
following: At first the D2
+ ion is formed in its 1sσ+g ground state, secondly a recollision
of the remaining second electron starts the dissociation of D+2 by transferring it to the
repulsive 2pσ+u state. This event depends on the field polarization and thus the CEP. The
superposition with the 1sσ+g state leads to an oscillation of the electron between the two
ions. When the distance and thus the potential barrier between the ions gets too large, the
electron is trapped and thus located on one of the two D+ ions [112]. Similarly, also the
dissociative ionization of carbon monoxide (CO) induced by a phase-stable, linearly po-
larized, 4-fs long laser pulse was measured, exhibiting as well a strong CEP dependence
of the emission directions of the fragments C+ and O+[126]. During the dissociation
population is transferred between the exited states of CO+.
Fischer et al. [127] studied the electron localization of H+2 by a combination of pump-
probe spectroscopy and CEP control. While the pump pulse creates a nuclear wave packet,
the probe pulse starts the dissociation and localization of the single electron at one of the
two aligned ions (left or right). The asymmetry parameter
A =
Nleft −Nright
Nleft +Nright
(3.2)
is hereby controlled by both the time delay between the pump and the probe and the CEP
of both phase-stabilized 6-fs long laser pulses. Here, Nleft and Nright are the number of
protons detected on the left/right side.
Not only atomic or molecular electron dynamics can be controlled by the CEP of the
applied laser pulses. Beyond this, it was shown that the emission of electrons from a
nanoscale metal tip exhibits strong energy-dependent modulations with the CEP as well.
Since the emission is controlled on the attosecond time scale, the finding gives an example
that attosecond techniques applied in atoms or molecules can be transferred to solids
[128]. Recently, Borot et al. focused a CEP-stabilized few-cycle laser pulse on a rotating
glass surface with a peak intensity around 1018 W/cm2 [129]. Collective electron motion
in the laser-induced plasma is driven by the intense laser field and probed by the coherent
XUV-light emission, which forms harmonics as known from HHG. The CEP dependence
of these harmonics illustrates the ability to steer the attosecond electron dynamics in laser-
driven dense-plasma experiments. As we have seen, the CEP control is a powerful tool to
control the electron dynamics in various processes such as HHG, laser-induced ionization,
dissociation and fragmentation. Besides the influence of the CEP on the temporal shape
of the electric field, which drives these processes, exhibiting e.g. an up-down asymmetry,
there is another approach to understand the ability of CEP control. It is described in
Ref. [123] and linked to the control scheme of Brumer-Shapiro [130]. In general the
control of a quantum-mechanical transition requires the coherent interference of multiple
pathways leading to the same final state. In the case of population transfer by multi-photon
absorption different pathways can be covered by a single octavebroad laser pulse so that
the CEP governs the phase between these pathways and thus the transfer probability for
example between bound states of atoms and molecules. The quantum interference of the
different pathways to the same final energy level is also the mechanism behind the optimal
control of molecular dynamics performed by closed-loop pulse shaping [131]. Taken
together the variety of the discussed different electronic processes for which CEP control
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can be applied indicates that microscopic HHG-control methods (such as the CEP control)
are not limited in their applicability to the particular electron dynamics involved in HHG.
Instead the HHG-control techniques which are based on the shaping of the electric driver
field in different manners should be able to steer other kinds of electronic processes as
well, given the electron dynamics evolves on a matching (femto- or attosecond) time
scale.
3.3 Carrier-Envelope Phase Spectral Interferometry
3.3.1 Method and Numerical Results
In the following a spectroscopic method is presented how one can resolve information
about the temporal structure of the attosecond pulses out of measured CEP-dependent
high-harmonic spectra. We refer to the method as carrier-envelope spectral interferome-
try (CEPSI); it is described in detail including the numerical and experimental results in
Refs. [132, 133, 3]. The harmonic spectra result from the interference of three attosecond
pulses, which are spaced in time, defining two independent temporal distances τ12 and
τ23. The distance of the pulses 1 and 3 is then given by τ13. The spectral interference
is in analogy to the diffraction pattern of a triple slit. Important for the interference are
the relative phases between the pulses. For a simulation we set the phases of the pulses 1
and 2 to Φ1,2 = 0 and vary the phase Φ3 = ϕ of pulse 3. We choose slightly asymmetric
temporal spacings τ23 = 1.1τ12. In the spectral domain, which is calculated by the Fourier
transformation of the pulses in the temporal domain, the fastest modulation that we see
has the periodicity of ∼1/τ13. Due to the interference of two subsequent pulses every sec-
ond of the peaks has comparable intensity, thus major and minor peaks spaced by 2/τ13
are formed. Due to the spacing asymmetry the major peaks transit to minor peaks and
reverse with the periodicity 1
τ12−τ23 . The spectral position of this transition depends on the
relative phase ϕ and is marked with arrows is Fig. 3.3a). Fig. 3.3b) shows the spectrum
of the three pulses as a function of ϕ from −2π to 2π. A second complex Fourier trans-
formation of the spectra in b) with respect to the energy and as a function of ϕ is depicted
in Fig. 3.3c). This makes the method two-dimensional, while in contrast to conventional
2D-spectroscopy [134] we now have with ϕ and the Fourier-time (which reveals the tem-
poral separation of the attosecond pulses) dynamical quantities on both axes, instead of
two spectral axes. The Fourier amplitude reveals the two spectral-modulation components
with periodicities of τ13, τ12 and τ23 with the broadening resulting from the variation of the
relative phases between the attosecond pulses (their absolute duration cannot be measured
by CEPSI). The last two Fourier components transform continuously into each other, but
can be distinguished by their different Fourier phase behavior. The Fourier amplitude
stays constant in the τ13 region, while the amplitude of the other components (at τ12 and
τ23) are modulated by ϕ. This means that here the 1ω-modulation is always present in the
spectrum in contrast to the 2ω-modulation. The numerical results in Fig. 3.3 demonstrate
that if we apply the Fourier transformation of a measured spectrum of attosecond pulses
we can not only obtain the pulse number, but also the temporal separation of the pulses
and the relative phase of each pair of pulses. As a requirement the harmonic spectrum
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Figure 3.3: Simulation of phase-controlled spectral interference (from [133]). a) Spectrum gen-
erated by the interference of three pulses non-equidistantly spaced in time by τ23 = 1.1τ12. The
relative phase of the third pulse is varied Φ3 = ϕ while the phases of the first two pulses are
constant at Φ1 = Φ2 = 0. The arrows indicate the spectral positions where the alternating major
and minor peaks swap their order. b) Spectra as in a) as a continuous function of the relative phase
ϕ. c) Complex Fourier transformation of b) with respect to the energy. The three components of
the spectral modulations can be indentified which correspond to the temporal distance of each two
pulses. The Fourier phase indicates the phase changes between the pairs of pulses.
must be recorded as a function of a dynamical parameter: the relative control phase ϕ,
which is the CEP in our case.
3.3.2 Experimental Results
We now apply the CEPSI-method to analyze the experimentally obtained spectra. Here
the stabilized CEP takes over the role of the relative phase control parameter ϕ. HHG
was produced in neon at a backing pressure of ∼100 mbar and at a peak intensity of
∼1×1015 W/cm2. The peak intensity was derived from the harmonic cut-off energy (see
Eqs. 2.24 and 2.22). The conversion cell was located shortly after the laser focus to phase
match preferentially the short trajectories [43]. Zirconium filters with a total thickness
of 0.4 µm filtered out the low-order harmonics. Fig. 3.4a) shows the measured HHG
spectrum as a function of the CEP. Again one observes a CEP-introduced energy varia-
tion of the odd harmonics, which are clearly visible over a spectral range of about 40 eV.
The large covered energy range enables a high resolution in the Fourier time. Fig. 3.4b)
presents the CEP-dependent Fourier amplitude and Fourier phase obtained as described
above. The result is similar to the simulation in Fig. 3.3. We see that mainly three attosec-
ond pulses produce the measured spectra for all values of the CEP. The Fourier phase
of the first peak splits up into two time-delay regions τ12 and τ23. One observes that the
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Figure 3.4: Carrier-envelope phase spectral interferometry (CEPSI): experimental results, from
[133]. a) Measured high-order harmonics as a function of the CEP. b) Fourier transform of a),
revealing the non-equidistant temporal spacing of three attosecond pulses. The phase between the
first two attosecond pulses is not influenced by the CEP, while the relative phase between the third
pulse and the others is fully modulated within 2pi. c) The CEP modulates the phase between the
two pairs of attosecond pulses which are displayed by the triangles (down, τ23) and circles (τ13)
as given by the average over the marked temporal regions in b). In contrast, the phase between the
pulses 1 and 2 (triangles, up, τ12) is hardly influenced by the CEP.
phase between the attosecond pulses 1 and 2 is not altered by the CEP, while both phases
between the pulses 2 and 3, and between the pulses 1 and 3 are changed by the CEP
in the same way. These two relative phases are varied within full 2π, as can be seen in
Fig. 3.4c), where the averaged Fourier phases are plotted as a function of the CEP for
the three temporal regions marked in Fig. 3.4b). We think that the different temporal dis-
tances of the attosecond pulses are introduced by their different relative positions in the
driver pulse. While the first pulse is produced close to the driver pulse center, the third
pulse is generated on the trailing edge. This results in a different cut-off energy for the
third electron trajectory, irregular attosecond pulse spacings τ23 > τ12 and a CEP-induced
modulation of τ13 of 54 ± 16 as [133]. The two-dimensional spectroscopy introduced
here serves as a versatile detection method for the CEP control of HHG. It provides not
only a trajectory-selective measurement of the electron dynamics involved in HHG, but
offers also a spectroscopic technique to reveal these dynamics in the time domain with
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a resolution in the low attosecond range and complementary information encoded in the
Fourier amplitude and phase. We will apply this technique further in chapter 5 since it
gives access to the relative phase between experimentally obtained attosecond pulses and
even entire attosecond pulse trains.
3.4 Conclusion
In this chapter the carrier-envelope phase of the driving laser field was introduced as a
control parameter the effect of which can be understood on the single-atom level. The
power of this single control parameter was illustrated for the direct control of femtosec-
ond electron dynamics induced by few-cycle laser pulses with variable CEP. The CEP
as well influences high-harmonic generation in different manners; for instance the half-
cycle cutoff energies of the individual electron trajectories are governed by the CEP of
the driver pulse. This leads to an experimentally observed spectral tuning of the high har-
monics with the CEP and a modulation of the spectral position with the highest harmonic
intensities. Moreover, a new two-dimensional interferometric method (carrier-envelope
phase spectral interferometry, CEPSI) was presented [132]. For its application the high-
harmonic spectrum has to be measured as a function of the CEP. Complex Fourier analy-
sis then gives insight into the temporal structure of the produced attosecond pulses. The
method enables to extract both the temporal distance and what is even more important
the phase differences between each pair of attosecond pulses as a function of the CEP.
Applying the method to the experimentally-obtained high harmonics which result from
the interference of three attosecond pulses it was found that these attosecond pulses are
unequally spaced in time. Moreover, the attosecond pulses show a different behavior of
their pairwise relative phases when the CEP is tuned.
While the harmonic yield can be increased by optimizing the macroscopic phase matching
of the contributions of many atoms, phase-matching considerations can be transferred to
the microscopic control, where by shaping of the driver-field contributions of several tra-
jectories for a single atom can be phase-matched. By means of this so-called intra-atomic
phase matching particular harmonics can be selectively enhanced [135]. To perform such
a sophisticated HHG control the driver-pulse shape has to be varied more comprehen-
sively than possible with the CEP alone. One option is adaptive control which can be
implemented with deformable mirrors or liquid-crystal displays (see appendix A and the
references therein). The driver pulses (mostly multi-cycle pulses have been employed so
far) are shaped in this case by controlling up to several hundreds degrees of freedoms in
the spectral domain (spectral phases and/or amplitudes). While evolutionary algorithms
deliver optimized pulses by closed-loop control, there are due to the complexity difficul-
ties to recover the control mechanisms. Moreover, the investigation of subcycle-shaping
effects and the direct control of single or few electron trajectories request rather a large
laser bandwidth than hundreds of degrees of freedom. Another control option which
prevents these limitations and delivers further even more remarkable features will be de-
veloped and studied in the following main part of this work.
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Chapter 4
Independent Control of Attosecond
Pulse Generation
In chapter 3 we studied the control of attosecond pulse production by a single control
parameter, the carrier-envelope phase (CEP) of the driving femtosecond laser field. We
have seen that this control method alone has a large impact on high-order harmonic gen-
eration. Yet the capability of control is limited since it utilizes only a single control
parameter. Thus, despite the fact that by the CEP control of HHG different properties of
the produced attosecond pulses can be influenced, only one property can be set at once.
In this chapter we enhance the control of attosecond pulse generation adding a second
control parameter. High-order harmonic generation with two driving laser fields at differ-
ent frequencies is studied. This way, the time delay between the two driving laser fields is
gained as an additional control parameter besides the CEP. We introduce and demonstrate
the concept of independent coherent control of high-harmonic generation for the example
of attosecond double-pulse production. It will be numerically shown that the two control
parameters act independently on the generation of attosecond pulses, which means that
two qualitatively different properties of the produced attosecond pulses can be set at the
same time. For instance, attosecond twin pulses of equal peak intensity can be generated
while the spectral-phase difference between the pulses can be set at the same time. Such
well-prepared twin pulses could be used for attosecond interferometry or control experi-
ments. An increase of control parameters can enhance the control capability. But it also
exponentially increases the complexity of the control scheme and the measurement or
computing time which is needed to scan the full control space. Evolutionary algorithms
can deal with a larger number of control parameters. However, when applying such algo-
rithms it is very challenging to gain insight about the mechanisms and the effects of the
individual control parameters, due to the complexity of the controlled multidimensional
space. It is therefore most effective to identify the most powerful and independent control
parameters and then perform the maximal (or aimed) control with the minimal number of
degrees of freedom. We realize this approach with the concept of independent open-loop
control.
Furthermore, it will be explained by the principle of kinetic-heterodyne mixing of laser
fields why the control of high-order harmonic generation with a second laser field is very
effective even when the second laser field is very week. The method will be general-
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ized leading to the effective control of HHG with a single laser field with a continuous
broadband laser spectrum which is cut in two spectral sections. A variable time delay
is then applied between the two sections. It is numerically studied to what extent this
split-spectrum time-delay method in combination with the CEP control is capable of in-
dependent control of several temporal or spectral properties of the generated high-order
harmonics or their corresponding attosecond pulses in the time domain.
The chapter is structured as follows: The principles of two-color control, kinetic-
heterodyne mixing of laser fields and field synthesis are presented in section 4.1 as well
as a definition of independent control capability. In section 4.2 the numerical model is
described. In sections 4.3 and 4.4 we study the independent control of attosecond double-
pulse production by the addition of the second harmonic and by the split-spectrum control
method respectively. Parts of this chapter have been published in [136].
4.1 Principle
4.1.1 Definition of Independent Control
The principle of independent control of high-order harmonic generation is based on the
idea that by having a set of control parameters at hand or by applying several control
methods at once it could be possible to steer and realize several target quantities (in our
case properties of the attosecond pulses in the temporal or spectral domain) at the same
time. We define a control experiment e:
e : C→T (4.1)
Spanning a multidimensional control space C which contains all combinations of the con-
trol parameters we gain access to a target space T by the control experiment e, in which
dim(C) = n is the number of control parameters. Other expressions for n are the number
of degrees of freedom for the control or the number of control "knobs" we can apply.
dim(T ) = m is the number of target quantities we want to steer, in our case proper-
ties of the produced attosecond pulses (e.g. their total intensity, intensity ratios, number,
spectral-phase difference between attosecond pulses, average photon energy, cutoff en-
ergy, and many more). We consider both the values of the control parameters and target
quantities to be continuous, but the definition is fine with distinct values as well. We
define a control experiment to be multidimensional, if both n > 1 and m > 1.
For n > 1 there might be many combinations c ∈ C of the individual control parame-
ters leading to the same aimed value for the first target quantity t1, with t = (t1, t2, . . . ).
These combinations would form a subspace S ⊂ C (e.g. a line in the two-dimensional
case). Within this subspace S the second target quantity t2 could then be set, and so on.
In the best case a number of target quantities m equal to the dimension n of the control
space can be set to a proposed value that way.
The applicability and power of this control scheme for a given control experiment e de-
pends on the following three constraints:
1. the number of control parameters n.
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2. the impact of each control parameter ci on the individual target quantities t =
(t1, t2, . . . ).
3. the degree of independence of the control parameters in their action on the target
quantities.
The third constraint is fulfilled e.g. when each control parameter acts on only one, but
respectively different target quantity. We define a set of n control parameters to be fully
independent with respect to a set of m = n target quantities if there exists for every
element t ∈ T a combination of control parameters c ∈ C, which results in the aimed
combination of the target quantities t. The control parameters act often similarly or in
a connected manner on the target quantities. Thus the set of control parameter has to
be chosen carefully to be able to perform fully independent control. In this chapter the
number of control parameters is restricted to two: the CEP and the time delay between
the driver laser fields. After reviewing the effect of the addition of a second laser field
on HHG alone, the independence of these two control parameters in terms of the above
definition will be studied in sections 4.3 and 4.4.
4.1.2 Two-Color Control of High-Harmonic Generation
The addition of a second laser field at a different frequency to the fundamental laser field
is a well-established method to control the generation of high-order harmonics and termed
two-color control. Two-color HHG control is reviewed in Ref. [137] and an overview over
atomic phenomena in two-color laser fields can be found in Ref. [138]. The coherent in-
terference of the two laser fields substantially changes the shape of the resulting driving
laser field, which is then applied for HHG. The modified shape of the electric driver field
thereby depends on the time delay or relative phase of the two laser fields. Consequently
the gained energy of the electrons in the shaped electric field, as well as contributions
of individual trajectories, their recollision times and relative phases can be strongly in-
fluenced by two-color control methods. Experiments and simulations have been reported
for a couple of different combinations of driver field frequencies and are listed in the
following.
In 1994, it was shown that the addition of the third harmonic can enhance the high-
harmonic intensity in the plateau region by an order of magnitude [139]. In the last
years several approaches have been suggested how multi-color laser fields can be used to
generate isolated single attosecond pulses and soft x-ray supercontinua [140, 141, 142,
143, 144, 145, 146, 147, 148]. Feng et al. described theoretically that an isolated attosec-
ond pulse shorter than 40 as can be generated utilizing two chirped fields at 800 nm and
1200 nm [149]. Besides, it was demonstrated theoretically that attosecond double pulses
can be produced in a chirped two-color laser field and the relative intensity of the double
pulses can be changed just by adjusting the relative time delay of the two driving fields
[140]. Mauritsson et al. showed that attosecond pulse trains with a stable CEP can be
generated with two-color laser fields [150]. Furthermore, the CEP and the central fre-
quency of the generated attosecond pulses can be controlled [151]. Two-color control
of HHG allows also to vary the energy of single harmonics [152] or to manipulate the
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relative strength of harmonics [153]. Chang [76] showed that with double optical gat-
ing the number of attosecond pulses and their intensities can be controlled by either the
relative phase between the two-color fields or the CEP. Chan et al. [154] demonstrated
experimentally that by Fourier synthesis of five discrete optical harmonics (1ω to 5ω) it
is possible to tailor the optical field in the shape of a square, sawtooth or subcycle sine
and cosine. They developed a method to measure these shapes, but they did not yet apply
the pulses to HHG. Their findings illustrate the possible power of multicolor-methods to
tailor a driving laser field.
4.1.3 Field Synthesis
Common to all multi-color control schemes is the fact that they make use of the spectral
bandwidth ∆ω = ωmax − ωmin to shape the driver pulses on a time scale which is given
by
δt = 1/∆ω. (4.2)
To shape the laser field on a subcycle basis a bandwidth of at least one octave is required.
For this aspect it is not important whether the covered spectrum is continuous or whether
it contains spectral gaps, or whether it is even composed of several laser fields as long
as the resulting spectral phase can be precisely controlled. Shaping on a subcycle basis
would allow to produce more intense and shorter isolated attosecond pulses, which is a
key goal in the attosecond community. Laser sources with an octave-wide continuous
spectrum would deliver the necessary bandwidth for subcycle pulse shaping. Advances
in the development of chirped mirrors [93] have enabled to deliver such laser pulses even
with near-transform bandwidth limited pulse duration. Goulielmakis et al. generated a
coherent supercontinuum with a bandwidth ranging from 220 nm to 1000 nm by self-
channeling in helium [155], yet with a non-flat spectral phase. Later Goulielmakis et
al. utilized near-bandwidth-limited∼3.5 fs long pulses for CEP-controlled high-harmonic
generation, attosecond metrology and spectroscopy. They termed the steering of electrons
inside and around atoms ”lightwave electronics” [156].
To gain comprehensive control with that bandwidth at hand it is now necessary to have
control over the spectral phase φ(ω) and to have more control parameters besides the
CEP (φ0). A few methods have been studied so far. One option to realize the missing
additional control parameters is to split up a continuous broadband laser spectrum into
two or more spectral sections and apply a time delay between the spectral sections. This
split-spectrum time-delay method was introduced by Dudovich et al. for applications in
femtosecond control [157]. We apply this method to the independent control of attosecond
twin-pulse production [136] by high-harmonic generation in section 4.4 and to the gen-
eration of combs of fractional high-order harmonics [158] in chapter 5. Recently, Wirth
et al. built up a sophisticated optical field synthesizer, where they divided a continuous
laser field spanning 1.5 octaves from 330 nm to 1100 nm into three channels [159]. The
pulse compression is done in each of the three channels, since there are no chirped mir-
rors available which are suitable for the whole spectrum. Time delays between the three
channels are applied to generate pulses shorter than one optical cycle, which they name
"light transients", while its generation and measurement is referred to as ”synthesis”. The
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idea behind this is to be able to almost arbitrarily shape few- or subcycle optical pulses
in analogy to a microwave synthesizer [160]. As an application Wirth et al. field ionized
krypton atoms with a subcycle light transient to study the dynamics of a valence-shell
electron wave packet evolving from well-defined initial conditions. Huang et al. [161]
demonstrated numerically the capability of field synthesis to generate isolated attosecond
pulses without or with greatly reduced need for temporal gating or spectral filtering.
4.1.4 Kinetic-Heterodyne Mixing of Laser Fields
An important principle in two-color control of HHG is the effect of kinetic-heterodyne
mixing of laser fields, which was introduced by Pfeifer et al. [162, 163]. They found that
the coherent addition of a laser field at a different frequency ω2 has a large impact on
HHG even if the intensity of the second field is weak (e.g. only 1% of the intensity of the
strong field at ω1). This way for example the half-cycle symmetry of the electric driver
field can be broken, which leads to the generation of even harmonics (see Fig. 4.1c). To
understand the mechanism of this principle we calculate the classical velocity an electron
gains in the superposition of the electric fields E1(t) + E2(t) at the distinct frequencies
ω1 and ω2 with a relative phase ϕ:
v = −
∫ tr
t0
[E1(t) + E2(t)]dt = v1 + v2 (4.3)
v1 =
Eˆ1
ω1
[sin(ω1t0)− sin(ω1tr)] ∝ Eˆ1 (4.4)
v2 =
Eˆ2
ω2
[sin(ω2t0 + ϕ)− sin(ω2tr + ϕ)] ∝ Eˆ2 (4.5)
The kinetic energy of the electron is then given by:
Ekin =
1
2
(v1 + v2)
2 =
1
2
(v21 + v
2
2 + 2v1v2) (4.6)
If the intensity of the second (weak) field is 1% of the first (strong) field, its electric field
peak amplitude Eˆ2 is still 10% of Eˆ2, since the electric field is the square of the intensity.
Thus the velocity the electron is able to gain can be modulated by ∼10% by the second
field. The possible modulation of the kinetic energy is then ∼21%. It is encoded in the
term 2v1v2, where we can see that the influence of the weak field is amplified by 2v1.
We now introduce the generalization of this principle, which is its application to field
synthesis with a single broadband laser field. The field is cut into two spectral sections,
such that the integrated intensity of the second section is only a small fraction of the
intensity in the first section (see Fig. 4.1d). We obtain a strong and a comparably weak
field with different center frequencies. For those two subfields all considerations of above-
discussed kinetic-heterodyne mixing principle are applicable, which we now refer to as
generalized kinetic-heterodyne mixing of laser subfields. We see in Fig. 4.1d)-f) that
both intensity (|E(t)|2) and electric field are strongly modulated by applying a time delay
between the section with only 1% relative intensity and the main spectral section. The
shaping of the pulse occurs here on a time scale which is identical to the pulse duration,
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Figure 4.1: Kinetic-heterodyne mixing of two continuous-wave (cw) laser fields (a-c) and gener-
alized kinetic-heterodyne mixing of two laser subfields (d-f). Even the addition of a weak second
harmonic with 1% intensity (a) strongly modulates the intensity of the driver laser field (b) and
leads to a pronounced asymmetry of the electric field (c) for the time delay +0.86 fs (dashed lines)
and -0.86 fs (solid lines). Similarly, a time delay between a 1%-relative intensity spectral section
(II) of a broadband spectrum (d) and the main section (I) leads to a remarkable intensity modula-
tion of the driver field as well (e). The field is now compressed to a few-cycle pulse. Pronounced
changes of the electric field are displayed for the time delays +0.86 fs (dashed line), -0.86 fs (solid
line) and 0 fs (dotted line).
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Figure 4.2: Kinetic-heterodyne mixing of laser fields for attosecond twin-pulse generation
(from [136]): a) Spectral phase (dotted line) and amplitude (not intensity!) of driving laser fields.
b) Shaped electric fields of two different driving laser pulses (black and red dashed lines) and elec-
tric fields of generated attosecond pulses (black and red solid lines). c) Spectrum of the emitted
attosecond pulses shown in (b).
for which reason we do not observe multiple intensity oscillations as in the case of two
separate spectral frequencies in Fig. 4.1b). As a consequence of the generalized principle
for field synthesis, it is not necessary to divide the broadband laser field into spectral
sections of comparable intensities to perform effective control of HHG. And what is even
more important: It is the almost full bandwidth of the laser spectrum which is strikingly
accessible for the control, including the wings of the spectrum. A good measure for the
accessible bandwidth in equation 4.2 is rather the width (e.g. at 1/e of the maximum) of
the spectral amplitude E¯(ω) than the width of the spectral intensity I¯(ω).
4.2 Numerical Model
In this section the numerical model for the two-color control of HHG with a second-
harmonic laser field is described. The results are then discussed in section 4.3, while
the results in section 4.4 are obtained by an adaption of this model. We consider a two-
color laser field, consisting of a strong fundamental pulse with a center wavelength of
750 nm and a weak second-harmonic (SH) pulse centered around 375 nm. We choose the
frequency-doubled SH as the second laser field, because the SH is experimentally well
accessible, for example by using a barium borate (BBO) crystal for SH generation out of
the fundamental laser field. The laser pulses are Gaussian-shaped with a spectral width of
0.275 fs−1 FWHM (full width at half maximum), corresponding to a bandwidth-limited
pulse duration of 5 fs FWHM. The peak intensities of the laser pulses are kept constant at
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2.6 × 1014 W/cm2 (fundamental pulse) and 2.6 × 1012 W/cm2 (SH pulse) respectively.
The spectral phase of the combined field of fundamental and second harmonic driver
pulses is calculated, using the CEP of the main pulse and the time delay of the SH pulse
as free parameters (see Fig. 4.2a). Inverse Fourier transformation into the time domain
gives the shaped laser field (Fig. 4.2). To simulate the generation of attosecond pulses,
we calculate the single-atom response of a model neon atom in the shaped laser field as a
function of both the CEP and the time delay between the two laser fields. For this purpose,
we numerically solve the time-dependent Schrödinger equation for an electron bound to
a soft-core Coulomb potential [164]. We use the split-step operator method [165, 166]
to solve the Schrödinger equation. Out of the dipole-acceleration expectation value we
obtain the high-order harmonics spectrum by employing Ehrenfest’s theorem [167]. The
restriction to one spatial dimension is necessary for keeping the computation time to an
acceptable level for the calculation of the multidimensional control data sets shown in
the following sections. In order to reject the low-energy harmonics in the spectrum (as
would be necessary experimentally) we apply a filter and an additional spectral phase
according to the absorption and dispersion in 0.4 µm zirconium. Complex inverse Fourier
transformation then gives the attosecond pulses in the time domain.
4.3 Control with the Second Harmonic
Having described the numerical model we now can discuss the results of the combined
control of HHG by both, the CEP and the addition of a weak laser field at the doubled
frequency. After spectrally filtering out the low-order harmonics, only one or two strong
attosecond pulses are produced, depending on the CEP and the time delay between the
two laser fields. Besides these strong pulses, up to three satellite pulses can be observed,
whose intensity is ∼100 times less than the intensity of the main pulses. In Fig. 4.3a
the ratio R of the peak intensity of the two most intense attosecond pulses is plotted as a
function of the CEP and the time delay between the fundamental and the weak SH pulse.
A ratio R = 1 means that two attosecond pulses with equal peak intensity are generated.
The simulation shows that such pulses with R = 1, which will be further referred to as
attosecond twin pulses, can be generated for various combinations of the CEP and the time
delay. Furthermore, one can see in Fig. 4.3a) that by only changing the CEP and the time
delay the intensity ratio R can be controlled by more than two orders of magnitude. If R
approaches 0, the intensities of the weakest attosecond pulses become negligibly small so
that a single isolated attosecond pulse remains. Thus, by applying the combined CEP and
two-color control method it is feasible to generate both, isolated attosecond twin pulses
and isolated single attosecond pulses. The attosecond pulses in Fig. 4.2b) have durations
(FWHM) between 210 as and 259 as, mostly limited by the available HHG bandwidth,
which could be increased by scaling to higher intensities or longer wavelengths.
Moreover, we can make use out of the ability of our multidimensional control scheme.
To demonstrate that our two control parameters (the CEP and time delay) allow for in-
dependent control of attosecond pulse production, we show that two properties of the
generated attosecond pulses (e.g. the number of attosecond pulses produced, their total
intensity, their intensity ratio or their relative spectral phase) can be controlled at once.
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Figure 4.3: Control of attosecond pulse generation with a two-color laser field consisting of a
fundamental pulse and a weak second harmonic pulse (from [136]): a) Intensity ratio of the at-
tosecond double pulses as a function of the CEP of the fundamental pulse and the time delay
between the fundamental pulse and SH pulse. The green line indicates the parameters that re-
sult in a spectral-phase difference of pi. b) Control of the spectral-phase difference between the
attosecond pulses by the CEP and the time delay. The red line traces the maximal values of a),
indicating the positions at which a perfect twin pulse is generated. c) Intensity ratio (green line)
of attosecond pulses at a constant spectral-phase difference of pi. d) Spectral-phase difference (red
dots) at a constant intensity ratio of 1 and corresponding CEP (black squares).
As a condition we have to leave all the experimental parameters constant, except for our
two control parameters. To this purpose, we study whether we still have full control over
one target quantity while keeping another target quantity constant at a chosen value. As
an example we choose to keep the intensity ratio constant at R = 1, meaning we choose
to have perfect attosecond twin pulses. As an important example towards phase-control of
quantum processes we secondly choose the relative spectral-phase difference between the
two attosecond pulses as our second target quantity. We determine the relative spectral-
phase difference by spectral interferometry analysis [168, 169] as follows: The spectrum
of the attosecond pulses is band-pass filtered using a Fourier filter to retain only the mod-
ulating component resulting from the interference between the two attosecond pulses.
The relative spectral-phase difference is then given by the argument (phase) of the fil-
tered complex-valued spectrum. After subtracting each time the same linear phase term
(which corresponds to a time delay between the two attosecond pulses) the spectral-phase
difference is constant in energy within a standard deviation of 0.2π.
Fig. 4.3b) shows the relative spectral-phase difference between the attosecond pulses
modulo 2π for 0.01 < R < 1. The spectral-phase difference can be set to any value
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Figure 4.4: Control of attosecond double-pulse generation by splitting up a broadband laser spec-
trum into two sections and applying combined CEP- and time-delay control (from [136]): a) De-
pendence of the intensity ratio of the two main attosecond pulses on the CEP and the time delay
between the two parts of the laser spectrum (spectral cut located at 2.1 fs−1). c) Control of the
intensity ratio of the two main attosecond pulses as a function of the time delay and the spectral-
cut position. b) and d) Spectral-phase difference between the attosecond pulses as a function of
the time delay and the CEP (b) and as a function the time delay and the spectral-cut position (d).
The red lines trace the maximum found in a) and c), demonstrating the control over the relative
spectral phase while retaining an attosecond twin pulse at a constant intensity ratio of 1.
within the entire range between 0 and 2π while at the same time the peak intensity ratio
is constant (Fig. 4.3d)). On the other hand, the intensity ratio can be freely chosen while
keeping the spectral-phase difference constant (Fig. 4.3c)). Thus we have numerically
proven the ability of independent control of attosecond double-pulse production with the
CEP and the time delay as control parameters.
4.4 Control by the Split-Spectrum Time-Delay Method
In the last section we have shown that the CEP control in combination with the two-color
technique gives access to the simultaneous manipulation of several properties of the gen-
erated attosecond pulses. We now transfer the approach to the broadband, and nowadays
even ultra-broadband laser sources. To keep the time-delay knob, which we have proven
to be essential for a comprehensive control of HHG, we divide our spectrum into two
parts between which we apply the time delay. This way we obtain the spectral position
of the arbitrary cut between the two sections as additional control parameters, of which
we now have three. The laser intensity could be chosen as fourth control option, to fur-
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ther enhance the controllability in terms of number of desired properties of the attosecond
pulses that could be manipulated. To reduce complexity in the result figures we choose to
restrict ourselves to two combinations of two control parameters:
1. The CEP and the time delay.
2. The spectral-cut position and the time delay.
The principle of generalized kinetic-heterodyne mixing of laser fields plays an important
role for the power of this control scenario as will be justified by the following insight:
When the cut-position is moved from the center of the spectrum towards either of the
spectral edges, the energy ratio of the two spectral sections differs increasingly from one.
This can be pushed to the situation where a small fraction of the spectrum forming a
weak field is time delayed with respect to the rest of the spectrum forming a strong field.
The principle of generalized kinetic-heterodyne mixing as described in section 4.1.4 now
means that this small fraction, even if its energy content is as small as 1% of the total
energy, still retains a huge impact and control capability on the HHG process. Thus the
cut position can be tuned over almost the whole spectral bandwidth without loss of impact
on the process of high-order harmonic generation.
The approach can be realized experimentally by spectrally resolving the driving laser
field with a prism or grating and employing a split mirror for the time-delay control.
The split mirror changes the optical path length for one part of the laser spectrum with
respect to the other part leading to a spectral-phase shift analogous to that in Fig. 4.2a).
Numerical simulations were performed using the same model as in the previous section,
but this time with only one Gaussian pulse of 2.9 × 1014 W/cm2 peak intensity centered
around 750 nm with a spectral phase defined by the CEP, the spectral-cut position and the
time delay. The simulations of the generated attosecond pulses show that their intensity
ratio R can again be varied over two orders of magnitude. This can be achieved both by
changing the CEP and the time delay for a spectral cut located off-centered at 2.1 fs−1
(see Fig. 4.4a)), as well as by tuning the time delay and spectral-cut position, leaving
the CEP constant at 0 (see Fig. 4.4c)). In both cases isolated single attosecond pulses
(e.g.R ≤ 0.02) can be generated as well as isolated attosecond twin pulses (R = 1.00) for
various combinations of the control parameters. The spectral-phase difference between
the two attosecond pulses can be controlled within 0.7π by adjusting the CEP and the
spectral-cut position (see Fig. 4.4b) and 4.4d)), while leaving the intensity ratio constant.
As a result, we find that the CEP and the spectral-cut position are only partially indepen-
dent in this configuration. They are correlated in their mechanism to influence the studied
attosecond double pulse properties relative intensity and spectral-phase difference. The
same holds for the combination of time delay and CEP, where the correlation is even
stronger. We expect that this correlation between the influence of the CEP and the time
delay decreases with increasing accessible bandwidth. Fully independent control should
become at the latest feasible when the bandwidth exceeds one octave so that it contains
its second harmonic and thus becomes similar to the configuration in the last section.
The observed correlation is not necessarily present for other combinations of attosecond
pulse properties. In our simulation we considered a laser pulse with a bandwidth that is
much lower as today’s leading super-octave wide laser systems, but we have chosen the
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bandwidth corresponding to our setup and the setup of other groups (delivering 5 fs long
pulses, FWHM). Current and future achievements in laser and dispersion control tech-
nology will further advance the power of the presented split-spectrum time-delay method
towards a comprehensive control tool to steer electron dynamics in atoms and molecules
on their natural attosecond time scale. Apart from this we already observed a remarkable
control capability in the split-spectrum configuration. As it was shown here, while we did
not even make use of all three and more control knobs at the same time, we can set the
intensity ratio of the attosecond pulses, prepare attosecond twin pulses as well as isolated
attosecond pulses and are able to manipulate the spectral-phase difference between the
perfectly-balanced attosecond twin pulses within 0.7π.
4.5 Conclusion
In this chapter we have combined the principles of CEP control, two-color control and
kinetic-heterodyne mixing of laser fields to a versatile control approach for high-order
harmonic generation. We have established the concept of multidimensional and indepen-
dent coherent control of high-harmonic generation where in principle as many properties
of the attosecond pulses can be independently controlled as there are control variables.
We have demonstrated the capability of this scheme at the independent control of at-
tosecond double pulses. Employing only the two control parameters CEP and time delay
isolated attosecond pulse as well as attosecond twin pulses with equal intensity can be
generated. The spectral-phase difference between these attosecond pulses can be set in
the full range between 0 and 2π without changing the intensity ratio. We have extended
the control scheme towards the independent coherent control with a single continuous
laser spectrum which is divided into two arbitrary sections between which a time delay
is applied. We introduced the generalized principle of kinetic-heterodyne mixing of laser
subfields. Showing that almost the entire spectral bandwidth including the spectral wings
is available for effective control, the generalized principle has important implications for
field-synthesis applications. It provides us the spectral-cut position as a third parame-
ter for HHG control. The combination CEP and time delay as well as the combination
spectral-cut position and time delay were found to be partially independent in their con-
trol effect on HHG. Isolated attosecond pulses and attosecond twin pulses with a tunable
spectral-phase difference can be delivered with the split-spectrum time-delay scheme as
well.
There were no special temporal gating techniques (e.g. polarization gating [12, 74]) ap-
plied in the simulations. Yet, the generation of isolated single and double attosecond pulse
could be provided by intensity gating. The low-energy harmonics were filtered out in the
same way as realized with zirconium foils in the experimental implementation, obtaining
approximately an open temporal gate, when the intensity is above a threshold. Thus the
gate is fixed to the envelope of the shaped laser pulse, while the electric field carrier can
be shifted under this envelope by the CEP. The presented results should therefore be able
to be transferred to all gating techniques which are mainly intensity dependent or fixed to
the pulse envelope. The independence of the CEP and the time delay in their action on
the generation of attosecond pulses should not be affected by the choice of another gating
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technique or the application of different phase-matching conditions. In the next chapter
we will experimentally realize the here-developed multidimensional control scheme by
utilizing a single broadband CEP-stable laser field.
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Chapter 5
Fractional High-order Harmonic
Combs - Coherent Control of
Attosecond Pulse Trains
In the last chapter we introduced and numerically studied the control of high-order har-
monic generation (HHG) by the combination of carrier-envelope phase (CEP) control and
field synthesis using few-cycle CEP-stabilized laser pulses. We found that this control
scheme provides independent control over several properties of the produced high har-
monics. In this chapter, we want to experimentally apply this split-spectrum time-delay
control scheme to HHG. For this purpose we apply a prism-based 4f-pulse shaper. A
split mirror is located in the Fourier plane, which divides the spectrum into two variable
sections between which a time delay is applied. We use this time delay, the spectral-cut
position and the CEP as control variables. In the harmonic spectrum we observe addi-
tional features components generated at distinct time delays, which constitute fine combs
of fractional (noninteger-order) high harmonics. We find these combs to be produced by
the controlled coherent interference of two attosecond pulse trains which are spaced in
time. While in the last chapter we have studied the coherent control of single and double
attosecond pulses, in this chapter we perform the independent and manifold control of
attosecond pulse trains. We experimentally observe a number of different spectral and
temporal effects of the control of the high harmonics. Since we only use a few control
variables we are able to extract the physical origins and mechanisms behind these effects
in the time and energy domain. We show how the phenomena can be precisely steered
by just the three above-mentioned control variables. Among these effects are the beating
of the harmonic intensity with the time delay and a strong energy-tuning capability of the
individual high harmonics. We develop a quantitative and intuitive model to understand
and predict these energy modulations steered by the time delay between the two subfields.
The experimental results are guided and compared to numerical simulations based on
the strong-field approximation. Macroscopic effects (e.g. the target gas pressure, focus-
ing conditions or the length of generation medium) are on purpose not considered in our
models and simulations. In this chapter, we want to point out the power of the purely
microscopic picture based on the single-atom response to explain our experimental find-
ings and we demonstrate the ability of the applied technique to enhance the control of
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HHG. Since we intend to extract the individual control mechanisms we do not apply the
CEP-control in the first series of experiments. Extracting these mechanisms, we gain in-
sights how the control of HHG is achieved in detail and which series of effects of the
individual control parameters lead to the observed changes of HHG and the properties
of the generated attosecond pulses. The CEP control is then added in a second series of
measurements. Having introduced the generalized principle of kinetic-heterodyne mix-
ing of laser subfields in the last chapter, we now apply the principle in this chapter and
experimentally check its validity. Moreover, we experimentally verify the principle of
independent control by the combination of the CEP and the time-delay control, which
we developed in chapter 4 as well. We make use of the multidimensional controllabil-
ity of our control scheme, which is the ability of multiple control knobs to steer several
target quantities at once, to in this case further optimize the produced fractional high-
order harmonic combs. We aim for combs with a fully modulated intensity contrast and
regular frequency spacing over a broad spectral range in the extreme ultraviolet (XUV).
One application of such combs lies in the field of high-precision frequency metrology
and interferometry. Moreover we apply the method of CEPSI introduced in chapter 3
to the fractional-harmonic combs to study the time structure and relative phase of the
two interfering APTs. This analysis opens the door to the complete-information retrieval
in XUV transient-absorption spectroscopy. Besides, we find that temporal chirps of the
driving laser field have a significant influence on the controlled high-harmonic spectrum,
which is investigated. Finally, we extract how the individual control parameters act on
high-harmonic generation in the combined control scheme.
The chapter is structured as follows: After reviewing noninteger harmonic generation
in section 5.1, the design and setup of the split-spectrum pulse shaper is described in
section 5.2. The numerical model used in the simulations is then illustrated in section 5.3,
while the results for the measurements with averaged CEP are presented and discussed in
detail in section 5.4. Both comparisons to simulations and the energy tuning model are
shown in this section as well. Section 5.5 presents the CEP-stabilized measurements and
the optimization of the fractional high-order harmonic combs, their analysis by CEPSI
as well as temporal chirp studies and the influence of the individual control parameters.
Finally, some applications of the fractional high harmonics are discussed in section 5.6
and the results are summarized in section 5.7. Parts of this chapter have been published
in Ref. [158].
5.1 Noninteger High-order Harmonic Generation
As the observation of fractional (noninteger) high-order harmonics is one main result in
this chapter, the generation of noninteger-order harmonics is reviewed in this section.
Commonly, only the odd orders of the harmonics are produced in HHG. This results from
the fact that usually every half laser cycle T
2
an attosecond pulse is generated. Fourier
transformation into the energy domain gives an energy spacing of two times the funda-
mental energy ω: 2pi
T/2
= 2ω. Even and odd order harmonics can be produced if the
symmetry of the driving laser field is broken in a way that every full laser cycle an attosec-
ond pulse is emitted [162, 170], which results in an 1-ω-spacing of the high harmonics:
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2pi
T
= ω. In 2011, Teng et al. [171] showed that in sub-5-fs driver pulses the symmetry
between sequent half-cycles is broken, which leads to the production of attosecond pulses
which differ in amplitude and phase. This can produce a complex, irregular spectrum
which contains noninteger harmonics.
Already in 1998, it was found that HHG with two beating driver fields leads to spec-
tral modulations with maxima spaced by the frequency difference of the two laser fields
ω2 − ω1 [172, 173, 174]. A broad quasicontinuum was measured in krypton and argon
by adding to the 800 nm fundamental field a second field at almost double wavelength
[175] and in argon and neon by adding a 1.45 µm field [176]. The mixing of two unre-
lated frequency fields is also found to increase the cut-off energy and the harmonic yield
[175, 176]. Takahashi et al. [177] demonstrated experimentally and numerically that it is
possible to generate an intense isolated attosecond pulse by superposing an 800 nm with
a 1300 nm laser field. They explain the observed dense harmonic spectrum by high-order
sum and difference frequency generation, which was theoretically described by Gaarde
et al. [178]. The energy of the noninteger high harmonics which are generated by a
two-color field consisting of the frequencies ω1 and ω2 can be expressed by the sum of
multiples of these frequencies:
E = n1ω1 + n2ω2 (5.1)
So far, the generation of noninteger harmonics is well understood in the energy domain,
but it is in most cases still lacking a clear picture with an experimental evidence about the
mechanism in the time domain.
Besides applying multi-colors fields, a different way of producing high-harmonic combs
is the implementation of fine substructures into the individual harmonics themselves for
example by applying frequency-comb stabilized IR driver pulse trains. The generation of
very regular frequency combs (spectra of equally spaced lines, for a review see Refs. [179,
180]) in the extreme ultraviolet has been pioneered by the group of T. Hänsch [181, 182]
utilizing HHG in an enhancement cavity. The generation of frequency combs in the XUV
by HHG has also been reported by Jones et al. [183] and recently by Cingöz et al. [184].
The odd high harmonics, which are generated intra cavity in their setup, split up and
form a fine and coherent frequency comb down to wavelengths of 40 nm, yet containing
spectral gaps between the odd harmonics.
5.2 Design and Set-up of the Split-Spectrum Pulse
Shaper
The setup of the split-spectrum pulse shaper utilized in the experiment is illustrated in
Fig. 5.1. A precise time delay between two arbitrary parts of the broadband laser spec-
trum can be introduced by a highly stable split mirror placed in the Fourier plane of a
4f-pulse shaper [185]. This configuration enables a coherent shaping of the broadband IR
laser pulses with a high-precision timing control of ∼400 as or better. From the interfer-
ometrically determined stability of a similar split mirror equipped with a piezo stage with
the same specifications we obtained a temporal stability between the spectral components
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Figure 5.1: Setup of the split-spectrum pulse shaper (from [158]). A piezoelectrically driven
split mirror is located in the Fourier plane of a Brewster-angled prism-based 4f-pulse shaper. The
dispersion is compensated by a customized chirped-mirror compressor. The beam enters through
the chirped-mirror compressor and is incident on the prism before a cylindrical mirror spectrally
collimates and spatially focuses the beam onto the split-mirror surface. The beam is then redirected
in reverse through the setup, leaving slightly above the original entrance spot to avoid the closest
chirped mirror and is then sent to the HHG experiment.
of ∼40 as. The accessible spectral bandwidth of the pulse shaper is only limited by the
bandwidth of the chirped-mirror compressor (550-1000 nm in our setup). The split mir-
ror is placed on a perpendicularly operated translation stage so that the cut position in the
spectrum can easily and reproducibly be scanned throughout the full extent of the spec-
trum. The stage has a low pitch and yaw deviation (<20 µrad, and <40 µrad respectively)
which means the shaped beam is only negligibly affected when the split mirror is moved.
Both parts of the split mirrors are aligned in a way that the two spectral parts propagate
on top of each other and have the same focus spot position and size, which is confirmed
by recording the focus spot with a complementary metal-oxide-semiconductor (CMOS)
camera. The laser spectrum after the pulse shaper is measured with a fiber-coupled IR/VIS
spectrometer.
The dispersion accumulated due to about 9.8 m air and 23.1 mm fused silica in the to-
tal optical path was compensated by 13 broadband chirped mirrors. The chirped-mirror
compressor was customized in a way that the dispersion, including higher orders, is well
compensated resulting in a near-flat spectral phase. The calculated deviation of φ(ω)
from zero is < 0.3π over a large wavelength range as illustrated in Fig. 5.2). A large
amount of the dispersion is caused by the fused silica prism, but the choice of a Brewster
prism instead of a grating allows for a higher optical throughput and for a spectral band-
width exceeding one octave [186], which is not possible for a grating due to overlapping
diffraction orders. Another difference between the choice of a grating and a prism as dis-
persive element is the dispersive opening angle ∆α = α(ωmax) − α(ωmin). Due to the
large bandwidth ∆ω the angle is big for a grating with sufficient diffraction efficiency,
but much smaller for a prism. A large ∆α forces the choice of a small focus length f in
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Figure 5.2: Compensation of dispersion (simulation result, from [158]). Calculated change of
the spectral phase due to the dispersion of 9.8 m air and 23.1 mm fused silica in the setup (red),
due to the customized broadband chirped mirrors (black), the sum of both (green), and the sum
magnified by a factor of 10 (blue). The spectral phase after the compensation is close to flat over
a long wavelength range, allowing the shaping of few-cycle laser pulses.
the 4f-setup, which is difficult to realize. We have chosen a prism for the higher power
throughput and a more suitable choice of f , whereas it has the drawback that the disper-
sion compensation is sensitive to the prism insertion and thus the alignment.
A temporal chirp can be introduced in a controlled manner for studies of its influence on
the experiment. This can be realized by changing the amount of fused silica in the beam
path, e.g. by adapting the insertion of the two wedges or the prism. The split-spectrum
shaped laser pulses are then used as driving pulses for controlled high-order harmonic
generation in argon utilizing the attosecond beamline described in section 2.7.
5.3 Numerical Model
In the following the numerical model for the simulations of split-spectrum controlled
HHG, to which we compare our experimental results, is described. The experimental
split-spectra, measured after the pulse shaper, are used for the simulations. The laser
peak intensity is set to 0.44 PW/cm2 at zero time delay since this corresponds to the
experimental situation. A variable time delay between the two parts is introduced by
adding a linear spectral phase to the part with the higher spectral frequency, as it is in the
experiment:
∆φ(ω) =
{
0, ω ≤ ωcut
τω, ω > ωcut.
(5.2)
ωcut is the spectral-cut position. For some simulations the residual spectral phase after the
dispersion compensation was included:
φ(ω)residual = φ(ω)SPM + φ(ω)fused silica + φ(ω)air + φ(ω)chirped mirrors, (5.3)
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where φ(ω)SPM is the spectral phase due to the self-phase modulation (SPM) in the hol-
low fiber. Considering the CEP φ0, the total spectral phase yields:
φ(ω) = φ0 + φ(ω)residual +∆φ(ω). (5.4)
The electric field of the shaped driving laser pulse is then given by Fourier transformation
into the time domain. The phase-stable field can be calculated for different CEPs and is
used to compute the ionization rate and electron trajectories by applying the strong-field
approximation. The ionization rate is given by the ADK-rate [30] in Eq. 2.16. Only the
short trajectories were considered for the calculation of the high harmonics and a spectral
filter corresponding to the absorption in the aluminum filters was not applied since the
absorption in the experimentally observed energy region is negligible (see Fig. 2.11).
5.4 CEP-averaged Results
5.4.1 Experimental Details
Here, the remaining experimental settings for the measurements which are presented in
this chapter are summarized as far as they have not been given in the sections 5.2 and 2.7,
where the experimental setup of the pulse shaper and the attosecond beam line have been
described. The step size for the time-delay scans between the two spectral sections was
67 as. The CEP control was only applied in the second part of the experiment. For HHG
the shaped laser pulses were focused by a spherical mirror with 50 cm focal length into
a gas tube filled with argon at a backing pressure of ∼60 mbar. The laser peak intensity
was ∼0.44 PW/cm2 for zero time delay, as derived from the harmonic cut-off energy. A
spectral overlap of all colors at the same focus spot was ensured by measuring the focus
position for the different spectral components with a CMOS camera.
5.4.2 Beating of the Harmonic Intensity
Fig. 5.3b) shows the recorded high-order harmonics as a function of the time delay
between the two spectral sections. The corresponding split spectrum is depicted in
Fig. 5.3a). As expected we measure the odd orders of the harmonics (orders 23 to 29,
as labeled in the figure). As a first pronounced effect we see that the intensities of the
high harmonics beat with the time delay. The period for this beating is 2.80 fs for all
harmonics and thus in rough agreement with the laser cycle T . The beating of the indi-
vidual harmonics is in phase. The reason for the harmonic intensity beating is a periodic
change of the temporal intensity profile of the shaped driving laser pulse when the time
delay is scanned through the temporal overlap of the two subfields. This periodic change
is illustrated in Fig. 5.4, where the measured spectrum and residual spectral phase after
the dispersion compensation were used to calculate the pulse intensity for different time
delays. At time delays ∆t = NT , with integer N , the subfields (given they overlap in
time) interfere constructively at the temporal center of the pulse, forming a pulse shaped
like that in Fig. 5.4a). In contrast, at time delays ∆t = T/2 +NT the subfields interfere
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Figure 5.3: Beating of the high-order harmonics (experimental results, from [158]). a) Driving
split-spectrum fundamental pulse with the spectral cut at 795 nm. b) Spectra of the high harmonics
as a function of the time delay between the two subfields labeled part I and II in a).
destructively at the center of the pulse, forming a pulse which has two intensity maxima
with lower peak intensity as shown in Fig. 5.4b). This can be understood as follows: We
consider the two laser subfields at the frequencies ω1 and ω2. They are infinitely long if
we at first neglect their spectral width. They beat in time with the following periodicity
(which defines the temporal spacing of the intensity maxima):
tmax2 − tmax1 = 1
ω2 − ω1 . (5.5)
Since our pulses are short, we obtain only two such intensity peaks for ∆t = T/2 +NT .
The sequence of con- and destructive interference at a given time with respect to the
center of the shaped pulse repeats of course in time delay with the periodicity of the
laser cycle T . The beating of the driver pulse peak intensity with time delay causes the
corresponding beating of the high-harmonic intensity. For time delays where the driver
peak intensity is below a threshold no high harmonics can be observed, since the harmonic
cut-off (the energy limit, up to where high harmonics are produced) depends on the driver
(peak) intensity (see Eqs. 2.24 and 2.22). The beating of the driving subfields not only
modulates the peak intensity but also leads to a significant longer driver pulse in the case
where two maxima are produced.
It should be stated for clarity that the interference of both spectral parts is fully coherent.
Thus, in case the shaped laser pulse has two pronounced intensity maxima and is even
shaped like two separate pulses, it is wrong to assign the intensity maxima of the shaped
pulse to the two time delayed spectral components, as it would be in case of a incoher-
ent superposition of the subfields. Instead, the above mentioned characteristic temporal
spacing of the inverse of the spectral-mean difference between the two spectral parts is
obtained for a large range of time delays around the temporal overlap of the two spectrally
separated subfields. In conclusion, we have identified the beating of driving subfields as a
mechanism which strongly modulates the driver peak intensity, the number and temporal
position of the intensity maxima and the duration of the shaped driver pulse. As we will
see, this has major further impacts on HHG besides the harmonic intensity modulation.
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Figure 5.4: Beating of the driving laser field in time due to the interference of the two sub-
fields (simulation results). A time delay ∆t is introduced between the two symmetric halves of a
Gaussian shaped laser spectrum centered around 780 nm. Intensity profiles of the shaped driving
laser pulses for the following time delays: a) ∆t = 0 fs. b) ∆t = 1.31 fs. c) ∆t = 1.9 fs.
d) ∆t = 0.7 fs.
5.4.3 Energy Tuning of the High Harmonics
5.4.3.1 Experimental Evidence
Besides the harmonic intensity beating, we observe in Fig. 5.3b) a pronounced tuning
of the energy of the high harmonics as a function of the time delay between the two
asymmetric intense subfields with the split spectrum as previously depicted in Fig. 5.3a).
The energy tuning occurs both on the short (subcycle) time-delay scale, and a the longer
scale given by the temporal overlap of the two subfields. A tuning of the energy of high
harmonics in general has previously been observed e.g. introduced by a variation of the
driver wavelength, by chirping the driver field or by moving the focus position [187].
5.4.3.2 Mechanism and Model
To explain this energy tuning capability and to retrieve its physical mechanism we de-
veloped the following model: It is known that the instantaneous frequency of a pulse
can change with time throughout the pulse. The instantaneous frequency is given as the
derivative of the time-dependent phase:
ω(t) = φ˙(t). (5.6)
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Figure 5.5: HHG energy tuning and mechanism with an asymmetric energy-split spectrum (exper-
imental results, from [158]). An asymmetric cut of the spectrum at 795 nm leads to a pronounced
modulation of the instantaneous frequency at the peak of the driving laser field and thus to an
attosecond-delay-dependent energy modulation of the high harmonics. a) Measured split spec-
trum of the driving laser field. b) Intensity of the shaped driving pulse dependent on time and
time delay between the two spectral parts, and time-delay dependent modulation of the instan-
taneous laser frequency (yellow squares) at the intensity peaks (white lines) (simulation result).
c) Measured energy modulation of the high harmonics compared to the relative modulation of the
instantaneous laser frequency without chirp as in (b) (yellow squares) and for chirps of -10 fs2
(red crosses) and +10 fs2 (white pluses). Excellent quantitative agreement is found, confirming
atom-level HHG control even with weak (∼1.7% of strong-pulse energy) control fields.
We calculate the instantaneous laser frequency at the intensity maximum (white lines
in Fig. 5.5b) dependent on the time delay between the two spectral parts (as measured,
Fig. 5.5a) with the cut moved to 795 nm, since the energy tuning is most pronounced
for an asymmetric split spectrum. Although the total energy of the second spectral part
is much lower here than the first part (∼1.7 %) it has a strong impact on HHG due to
electron-kinetic heterodyning. As a model approximation, we assume that HHG occurs
predominantly at the intensity maximum of the pulse. This is justified as the highest
ionization rates, leading to the strongest emission of attosecond pulses, occur near local
temporal intensity maxima. The instantaneous driver frequency at the peak of the pulse
(yellow triangles in Fig. 5.5b)) thus changes with time delay. In Fig. 5.5b) the temporal
intensity profile of the shaped pulses is shown in color scale. The relative change of the
measured harmonic energies and its dependence on the time delay (Fig. 5.5c) matches
both qualitatively and quantitatively the relative change of the simulated instantaneous
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laser frequency at the intensity peaks considering a chirp of +10 fs2 of the full laser pulse,
which is assumed to have been present in the experiment. We were not able to measure
the absolute amount of the residual chirp of the driving pulses at the interaction region.
Therefore, the +10 fs2 chirp value was used as a single fitting parameter. The qualitative
and quantitative agreement between experiment and model results supports the overall
validity of the model. We thus find the change of the instantaneous laser frequency near
the intensity maxima of the laser field to be the main control mechanism and physical
picture behind the experimentally observed energy modulation of the high harmonics.
Let us have a closer look at some details behind the results presented in Fig. 5.5c). In
the following, we restrict ourselves to the three time delays -0.96 fs, -0.48 fs and 0 fs.
The minus sign means that the visible part (VIS) arrives before the near infrared (NIR).
Fig. 5.6 shows the shaped driver pulse (red lines) and the instantaneous frequency (black
line), with the chirp of +10 fs2 taken into account in the simulation. A relative frequency
decrease of -1.5% at the peaks of the driver field is calculated within in the selected time-
delay range. The resulting energy tuning ∆E of the nth harmonics then given by:
∆E = n ·∆ω (5.7)
We thus find that the harmonic order n amplifies a relatively small change of the instan-
taneous driver frequency to a large energy-tuning range of the harmonic photon energy,
in our case to a modulation by 35-44% of the fundamental laser field photon energy ω,
depending on n.
5.4.4 Fractional High-order Harmonic Combs
We now move the spectral-cut position more towards the center of the spectrum. The
split spectrum with the cut now at 758 nm is displayed in Fig. 5.7b), while the measured
high harmonics are shown as a function of the time delay in Fig. 5.7a). For the case
of destructive interference of the two spectral sub-fields at the center of their respective
temporal field profiles, the peak intensity of the synthesized light fields is too low to
generate intense high-order harmonics. Instead, fine comb-like structures of fractional
(non-integer) harmonics appear in the spectrum at energies below 44 eV. Superimposed
to the usual harmonic modulation with an energy spacing of 2ω we see an about 10.4
times faster modulation in energy (see Fig. 5.7c).
With the intensity beating picture of the driver laser field at hand (see section 5.4.2), the
generation of fractional harmonics can now easily be understood: The interference of
the two spectral parts of the driving laser field leads to a beating in time with a beating
period which is the inverse of their frequency difference (see Eq. 5.5). At time delays
corresponding to destructive interference an intensity minimum is created at the center
of the pulse, leading to two intensity peaks spaced about 5.2 laser cycles (Fig. 5.8). The
intensity at these two peaks is still high enough to generate attosecond pulse trains (APTs)
with energies up to 44 eV, on the other hand the intensity is low enough that the plasma
density stays low over many cycles. This enables phase matching at both intensity peaks
of the driving laser field such that two interfering APTs are generated, which are spaced
in time by about 5.2 laser cycles. The half laser-cycle spacing of the attosecond pulses
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Figure 5.6: Simulated intensity profiles of split-spectrum shaped driver pulses (red lines) and
instantaneous laser frequency (black lines) for the time delay -0.96 fs (a), -0.48 fs (b) and 0 fs (c).
A decrease of the instantaneous frequency at the intensity maxima from 2.62 to 2.582 fs−1 results
in an energy tuning of up to 0.7 eV after n-fold magnification by the harmonic order n. For the
calculation of the shaped pulses the residual spectral phase after dispersion compensation (see
Fig. 5.2) was taken into account.
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Figure 5.7: Generation of fractional-harmonic combs by split-spectrum control of high-harmonic
generation (experimental results, from [158]). a) Measured spectrum of high harmonics dependent
on the time delay between the two spectral ranges indicated in (b). b) Broadband split spectrum
measured after the pulse shaper. c) Spectrum of conventional odd-integer harmonics at time delay
2.8 fs and fractional (non-integer) high harmonics at time delay 1.5 fs (intensity magnified by a
factor of 3).
within the pulse trains leads to the well-known two-omega spacing of the harmonics. The
additional interference between the two pulse trains leads to the faster modulation with
an energy spacing of about 2ω/10.4, which is the inverse of the 5.2-cycle spacing of the
pulse trains. In contrast to this, for time delays with constructive interference only a
single most intense peak of the laser intensity is created in the pulse, resulting in only one
APT and the commonly known high harmonics as arising from a single pulse train. An
interesting property of the set of shaped driving pulses is the controllability of the relative
intensities of the two subpulses produced as a consequence of the temporal beating of the
two spectral sections (see Fig. 5.9). As a consequence, the relative intensity of the two
attosecond pulse trains, one produced at each peak, can be arbitrarily set. A little higher
peak intensity at the second peak can hereby compensate for a reduced phase-matching
efficiency resulting from the increased number of ionized atoms at the second peak. In
section 5.5.4 it will be studied how the controllable relative peak intensities can be used
to create highly modulated fractional high-harmonic spectral combs which have a near-
perfect contrast ratio between peaks and valleys of the interference pattern. In Fig. 5.9 the
residual spectral phase after the dispersion compensation as given in Fig. 5.2 was taken
into account. A small time delay between the spectral sections then compensates best
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Figure 5.8: Mechanism of fractional-harmonic comb generation: Double attosecond pulse train
generation (simulation results, from [158]): Shaped electric driving field intensity (dashed lines)
and attosecond pulse trains (solid lines) for zero time delay (red lines, constructive interference of
the two fundamental spectral parts at time 0) and for the time delay 1.28 fs (black lines, destructive
interference at time 0). Two interfering attosecond pulse trains are generated in the latter case
leading to deeply modulated fractional harmonics.
for this residual spectral phase. As a consequence the time-delay positions are shifted
at which the best-balanced (or worst-balanced) intensity ratios are given (compared to
Fig. 5.8 and Fig. 5.10).
5.4.5 Comparison to Simulations
In this section, we compare our measured data with numerical results. We consider the
same laser spectrum as in the experiment with the spectral cut at 758 nm as shown in
Fig. 5.7b) and a laser peak intensity of 0.44 PW/cm2 at zero time delay corresponding to
the experiment. The spectrum of harmonics is depicted in Fig. 5.10a). As in the experi-
ment, a beating of the harmonics occurs as a function of time delay and deeply modulated
fractional-harmonic combs are observed for time delays corresponding to destructive in-
terference of the subfields at time 0 fs. The fractional harmonics in Fig. 5.10b) have
an energy spacing of 0.31 eV corresponding to a 13.3 fs (5.4 cycle-) spacing of the two
APTs. This compares well to the calculated the 5.2-cycle spacing of the pulse trains in
Fig. 5.8. By virtue of the excellent qualitative agreement, we thus confirm the origin of
the observed HHG spectral control clearly as a microscopic phenomenon, i.e. directly co-
herently controlling the higher-order emission dipoles caused by recolliding electrons of
each of the atoms in the interaction region. We see that the fractional-harmonic combs
can be fully modulated (e.g. for ∆t = 1.28 fs) and range continuously over a number of
harmonic orders, yet additionally modulated with the regular 2ω-periodicity of the odd
harmonics.
In the above-shown simulation, where the CEP is fixed in contrast to the experiment, we
see that the odd harmonics show subcycle time-delay resolved structures. They split up
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Figure 5.10: Generation of a deeply-modulated comb of fractional harmonics (simulation re-
sults, from [158]). a) Simulated harmonic spectra dependent on the time delay between the two
spectral parts for the same settings as in Fig. 5.8. b) Spectrum of a fractional-harmonic comb with
a high peak-to-valley contrast for the time delay of 1.28 fs in (a) (red line).
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Figure 5.11: Rapid subcycle time-delay dependence of the high-order harmonics (simulation re-
sult). a) Simulation of the time-delay dependent high harmonics for the measured split spectrum
displayed in Fig. 5.7 including the residual spectral phase after the dispersion compensation as
shown in Fig. 5.2. In contrast to the previously-discussed experiment, the CEP of the driver pulses
was fixed. b) Enlargement of a) revealing different patterns of harmonics. In section I the energies
of the odd harmonics tune rapidly within few attoseconds of time delay over a large range of more
than 10 eV for most of the harmonics. In section II even and odd harmonics appear, while in
section III the substructures smear out. In section IV the fractional-harmonic combs are observed.
into finer lines, which strongly tune with the time delay. To resolve these tunings we
repeat the simulation with a finer time-delay resolution δt = 50 as ≈ T/50. Fig. 5.11a)
displays the simulation in a larger energy range and Fig. 5.11b) is the enlarged time-
delay range -1 fs to 2 fs, where we divide the spectrum into sections where we observe
different harmonic patterns. Section I covers the higher energies and shows the most
intense harmonics: odd harmonics spaced by 2ω in energy. Interestingly they tune very
fast with the time delay and span continuously over a large energy range. Following such
a harmonic to smaller ∆t (lower energies), we observe a splitting of the odd harmonics.
Thus in section II we identify even and odd harmonics with a 1ω-energy spacing. The
splitting occurs at much higher energy for smaller ∆t within the beating cycle T . At
even lower energies (section III) the harmonic intensity contrast between the individual
lines, which tune rapidly with time delay, decreases. Instead the lines smear out and
form regular high harmonics, which vary only slowly with the time delay. In section IV
the fractional-harmonic combs are generated as described earlier. The overall subcycle
time-delay shape is as follows: At high energies, there is only a harmonic signal for
time delays where the two subfields interfere mainly constructively at the center of the
driver pulse, thus for a smaller time-delay range. In contrast, the harmonics are produced
at almost all time delays at lower energies. The reduced time-delay dependence of the
lower-energy harmonics results from the fact that here independently of the pulse shape
(governed by∆t), the intensity is always high enough that every half-cycle an attosecond
pulse is produced.
In the experiment we did not resolve the subcycle tuning of the harmonic energies with
the extremely small time-delay changes. We did not have the time-delay resolution of
50 attoseconds as in the simulation. Though the time-delay step size was 67 as, the
effective capability to resolve precise time-delay changes can be limited by other factors
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Figure 5.12: Simulated harmonic spectrum with a time-delay resolution of 250 as, corresponding
to the assumed experimental interferometric stability between the two driver subfields. A Fourier
filter was applied to the simulation in Fig. 5.11 to match the time-delay resolution. While the rapid
subcycle energy tuning is smeared out, the fractional- harmonic combs are clearly visible.
as well. Among these are the surface quality of the mirrors, which is λ/10 in our setup,
the interferometric stability of the pulse shaper, spatial effects as spatial chirps and spatial
(vertical) averaging over the XUV beam on the camera chip. The effective time-delay
resolution is studied in section 5.5.6. We have chosen a reasonable effective resolution of
∆t = T/10 ≈ 258 as to Fourier filter the simulated time-delay scan, removing higher
frequencies with the time delay. The result is depicted in Fig. 5.12 and compares well
with the experimental data. The very fast subcycle energy tunings with ∆t are smeared
out, while the fractional-harmonic combs are clearly visible.
The origin and mechanism behind the rapid subcycle energy tuning of the high harmonics
in Fig. 5.11 is different from the energy-tuning mechanism described in section 5.4.3
and must not be confused with it. While the latter one results from the change of the
instantaneous frequency at the intensity maximum of the shaped driver pulse, the first
one is an effect of the stabilized CEP. Even a small change of the time delay ∆t changes
the carrier-envelope phase of the shaped driver pulse φshaped0 . The first reason is that the
application of a time delay moves the envelope of the shaped pulses in time with respect
to the stable carrier by
∆tenvelope = const(ωcut)∆t (5.8)
with a constant 0 < const(ωcut) < 1 which depends on the spectral-cut position.
This would induce a change of φshaped0 , which would be too small to explain the rapid
harmonic-energy tuning, since it would be < 2π for ∆t = T :
∆φenvelope0 = ω∆t
envelope (5.9)
Instead, additionally, the shape of the envelope is drastically altered due to the beating of
the subfields. This leads to a fast shift of the temporal peak position of
∆tpeak = ∆tenvelope + f(
∆t
T
)
1
ω2 − ω1 (5.10)
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and thus to a rapid change of the phase between carrier and envelope at the highest inten-
sity maximum of the shaped driver pulse:
∆φshaped0 ≈ ω∆tpeak. (5.11)
The definition of φshaped0 at the highest envelope maximum is suited for our application
because the regular high harmonics are predominantly generated close to this intensity
maximum. A numerical measure for φshaped0 is the temporal phase at this envelope maxi-
mum. The shaping-induced change of φshaped0 is illustrated in Fig. 5.13. The electric field
(solid line) and the pulse envelope (dashed line) is calculated for a Gaussian shaped driver
spectrum centered around 750 nm and a fixed CEP ∆φ = 0. A time delay ∆t is applied
for the half of the spectrum with the higher frequencies. Starting with a cosine-like pulse
at ∆t = 0 fs the effective CEP φshaped0 is altered drastically as a function of the time
delay, which shifts the peak position in time. The peak position is marked with the black
arrow compared to the original time zero position, which is indicated with the blue arrow.
Already at a time delay of about 0.75 fs a roughly cosine-like pulse is obtained again as
can be seen in Fig. 5.13d).
Thus, we have identified the fast shift of the temporal peak position of the shaped driver
pulse to rapidly change the newly defined effective CEP of the shaped driver pulse. Since
the energy of the high harmonics is tuned by the CEP of the driver field, as we have seen in
chapter 3, this change of the φshaped0 then causes the rapid subcycle energy tuning, which
we showed in the numerical simulation (Fig. 5.11). While we cannot resolve these rapid
subcycle energy tunings with the time delay, we will at least give experimental evidence
for the energy tuning with the CEP in section 5.5.2. In the following, we show that the
rapid subcycle energy tunings are a CEP effect. To that end, we add up ten simulated
harmonic spectra with the CEP φ0 (not φ
shaped
0 ) of our laser field given by 0, 0.1π, 0.2π,
..., 0.9π. As can be seen in Fig. 5.14a) the rapidly tuning harmonic substructures are
almost completely smeared out and instead form odd harmonics, which vary only slowly
with the time delay. The fractional-harmonic combs are still clearly visible. Their peak-
to-valley intensity contrast is lowered compared to the CEP-stable simulation as can be
seen for the time delay 1.62 fs in Fig. 5.14b).
5.4.6 Time-delay Asymmetries and Spectral Broadening
The spectra of high harmonics displayed as a function of the time delay are not symmetric
with respect to a reversion of the time delay (though there might be symmetric patterns in
some cases). It matters for the driver pulse shape and for HHG, if the visible or the NIR
part of the spectrum comes "earlier" (this expression can be misleading, as both fields are
overlapping in time and form a coherent superposition). We observe in Fig. 5.7 that the
fractional-harmonic combs are mostly produced around positive time delays, while the
most intense harmonics are produced at earlier time delays. Possibly, an ionization gate
anticipated the generation of a second attosecond pulse trains at earlier time delays. More
likely, the time-delay asymmetry results from the asymmetric shape of the two subfields in
the time domain, which in turn originates from a non-perfectly flat spectral phase and the
non-Gaussian spectral shape of two driver subfields. Theoretically, fractional harmonics
could also be generated at much larger positive or negative time delays, if the intensity
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Figure 5.13: Shaping-induced variation of the effective driver-pulse CEP (numerical results
[188]). The time-delay controlled shaping of the driver pulse shifts the peak position of the pulse
envelope (dashed line) in time (black arrows) compared to the original peak position (blue arrows)
while the electric-field carrier (solid line) is locked. This strongly modulates the effective CEP,
which is defined at the highest intensity maximum. While a time delay of 0 fs causes a cosine-
like pulse (a), a time delay of 0.25 fs produces almost a minus sine-like pulse (b), the pulse at
∆t =0.5 fs comes close to a minus cosine-like pulse (c) and∆t = 0.75 fs obtains again a roughly
cosine-like pulse (d). The temporal phase at the envelope peak gives an effective CEP φshaped0 = 0
in (a), φshaped0 = 0.64pi in (b), φ
shaped
0 = 1.2pi in (c) and φ
shaped
0 = 1.84pi in (d).
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Figure 5.14: Influence of the CEP-stabilization (simulation results). a) Sum of ten harmonic spec-
tra generated with φ0 = 0, 0.1pi, 0.2pi, ..., 0.9pi. Taking the sum of harmonic spectra produced with
different CEPs smears out the rapid subcycle harmonic-energy tuning and results in the regular
odd harmonics which vary only slowly with the time delay. b) Fractional-harmonics comb spectra
at the time delay 1.62 fs. The sum of harmonic spectra with different CEPs as in a) (dotted line) is
compared to a spectrum produced by a CEP-stabilized driver field φ0 = pi (solid line). The latter
produces a much higher comb contrast.
of the subfields is well-balanced and compensates for ionization as well. Even if the
subfields do not overlap anymore, the full coherence of the two attosecond pulse trains
would be retained and the fractional harmonics would form finer and finer combs as the
temporal spacing increases with the time delay.
Besides the time-delay asymmetry we observe in Fig. 5.15 that the measured high har-
monics are spectrally broadened, when the temporal overlap of the subfields is large. This
means that the number of attosecond pulses which contribute to HHG is reduced here to
about two or three. An explanation could be that at the overlap of both subfields the peak
intensity of the driving laser pulse is much higher. The enhanced ionization increases
the plasma density within a few half-cycles to a value where the XUV- and NIR-pulse
phases propagate no longer with the same speed. Thus the XUV-emission adds no longer
up constructively and the phase-matching condition (see section 2.5.1) is no longer ful-
filled such that attosecond pulse production is limited to few half-cycles. Thus we have
found an experimental indication that the number of attosecond pulses is controlled by
the time delay, which steers the ionization phase-match gating [81] as described before.
This is among the observed effects in this chapter the only one that originates from the
macroscopic aspects of HHG.
5.4.7 Effects of the Generalized Kinetic-Heterodyne Mixing of Laser
Subfields
In sections 5.4.3 and 5.4.4 we already studied HHG at two different cut-positions of the
driving split-spectrum: A spectral cut located close to the edge of the fundamental spec-
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Figure 5.15: Split-spectrum controlled HHG in the asymmetric-cut regime (experimental result).
a) Driver spectrum with 12.3% of the total pulse energy in section II. b) High-harmonic spectrum
as a function of the time delay between the spectral sections. A strong beating of the harmonic
intensity is visible besides a spectral broadening and energy modulation of the high-harmonic
lines.
trum and later a more symmetric cut with an energy ratio between the two sections of
1.53:1. While the focus in these sections was on the explanation of the observed effects
(energy tuning in the first case, the generation of fractional-harmonic combs in the sec-
ond case), the influence of the spectral-cut position as an adjustable control parameter in
split-spectrum controlled HHG will be studied more systematically in this section. For
this purpose, we at first examine how the beating of the driving laser field is affected by
the cut position. While the shape of the driver pulse after the pulse shaper is the same (un-
shaped) profile at ∆t = 0 fs for all cut positions, it strongly depends on the cut position
for other time delays, e.g. for ∆t = 1.25 fs as illustrated in Fig. 5.16.
The simulations reveal that the smaller part of the Gaussian spectrum needs to have a
fraction of more than 11.7% of the total intensity to produce driver pulses with two inten-
sity maxima (see Fig. 5.16). The latter is a requirement for the generation of fractional-
harmonic combs. But also for fractions smaller than 11.7% the pulse shapes (both inten-
sity and the electric field) are strongly modulated with the time delay. There is a large
impact on the peak intensity. But also the instantaneous laser frequency and the peak po-
sition in time are modulated (increasingly with the intensity fraction in this regime). The
remarkable impact of the lower- intensity subfield on HHG is a consequence of the gener-
alized principle of kinetic-heterodyne mixing of laser subfields as described in chapter 4.
Due to this principle the cut position can be chosen within the almost entire range of the
driver spectrum and still a remarkable controllability of HHG (e.g. the pronounced energy
tuning and the beating of the harmonic intensity with the time delay) is retained. By the
experimental evidence of these observed control effects in Fig. 5.5, where the fraction of
the second spectral part was only 2% of the total energy, we can validate the generalized
principle.
As a function of the energy fraction of the smaller spectral section (which is connected to
the spectral-cut position), we can distinguish three different regimes, which have a smooth
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Figure 5.16: Dependence of the beating of the two driving laser subfields on the spectral-cut
position and effect of the generalized kinetic-heterodyne mixing (simulation results). Even if only
a very small fraction of the laser spectrum is time delayed, it reshapes significantly the driver
pulse. a) Spectral intensity of the driver field. b) Electric field for 0 fs (black line) and 1.25 fs
(red line) time delay, where the driver spectrum is asymmetrically cut in a way that the second
spectral part contains only 1% of the total intensity. c) Modulated pulse shapes at the time delay
1.25 fs for different fractions of the second-section intensity: 1% (dashed line), 5.3% (dotted line)
and 11.7% (dash-dotted line) and comparison to 0 fs time delay (solid line). d) Pulse shapes for
spectral fractions of 24.4% (solid line), 31.5% (dashed), 50.5%(dotted) and 82.4% (dash-dotted
line). The pulse shape exhibits two intensity maxima at ∆t =1.25 fs if the smaller spectral section
contains more that 11.7% of the total intensity.
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transition between each other:
• <2%: Kinetic-heterodyne mixing regime. Mainly the intensity beating of the HHG
and the energy tuning of the odd harmonics are observable here. The controllability
is enabled by the principle of generalized kinetic-heterodyne mixing of laser sub-
fields. High harmonics can be produced for all time delays with a modulated cut-off
energy.
• ∼2-25%: Asymmetric-cut regime. The intensity beating is increased and the high
harmonics vanish every full cycle time delay in this regime. Additionally, the tem-
poral driver peak position is increasingly modulated. We predict this to additionally
cause strong, few-attoseconds time-delay dependent (rapid) harmonic-energy tun-
ings. A second driver peak appears for a fraction & 12%, but its intensity is too low
to generate an attosecond pulse train (APT) with a considerable intensity compared
to the APT which is produced at the higher intensity peak. Thus the fractional-
harmonic combs are not yet visible in the higher-energy range. The generation of
fractional harmonics at lower energies depends on whether the phase-matching- and
ionization gate is open sufficiently long (e.g. the driver intensity must not be so large
that the ground state is mostly depleted, before a second APT can be produced).
• 25-50%: Central regime: The driver pulse becomes deeper modulated leading to
a strong beating of the harmonic intensity with the time delay. The generation of
intense fractional-harmonic combs at moderate harmonic orders is possible, while
the instantaneous-frequency-driven harmonic-energy tuning is reduced in magni-
tude. In contrast, the rapid harmonic-energy tuning on few attoseconds time delay
is very pronounced here. Ionization gating leads to a spectral broadening of the
high harmonics when the subfields overlap extensively.
Fig. 5.15b) gives an example for a measurement of split-spectrum controlled high har-
monics in the asymmetric-cut regime. 12.3% of the energy is in the smaller spectral
section (see driver spectrum in Fig. 5.15a). As expected we see a pronounced beating
of the harmonic intensity with the time delay with the period of the full laser cycle. We
see fractional-harmonic combs only at lower energies and less intense compared to the
odd harmonics. Special to this cut-position is that the energy of the odd harmonics tune
widely here, for some time delays around (e.g. around -18 fs) even continuously over
more than two harmonic orders. This was so far only observed in this scan and cannot
be explained entirely by the presented energy tuning model based on the instantaneous
frequency. The large energy modulation might instead originate from the rapid shaping-
induced energy tuning. But since the CEP was not stabilized in the experiment the data
have to be compared to simulations where like in Fig 5.14 the energy tuning is due to
averaging effects qualitatively changed compared to the phase-stable simulations like the
one in Fig 5.11. In the phase-averaged simulation there are as well energy modulations
visible with the same periodicity with the time delay, but further investigations would be
needed to exclude other possible explanations for the large experimentally observed en-
ergy tuning. Especially for the time delay around -15 fs, there seem to be local harmonic
intensity maxima at different energies spaced by only 1ω instead of 2ω implying odd- and
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Figure 5.17: Spectral-cut position dependence of the high-harmonic energy tuning (simulation
results). a) Intensity of Gaussian shaped driver spectrum centered around 2.513 fs−1 (∼=750 nm)
used for the simulations. b) Relative change of the instantaneous laser frequency at the peak of the
driver pulse as a function of the time delay between the spectral sections for a spectral-cut position
of 2.4 fs−1 (squares), 2.5 fs−1 (red circles), 2.6 fs−1 (pluses) and 2.7 fs−1 (diamonds). The
highly unbalanced spectral cut at 2.7 fs−1 causes the most-pronounced frequency modulations.
The values are plotted only for time delays for which the driver peak intensity is strong enough to
produce high-order harmonics.
even-order harmonic generation with peaks at different subcycle time delays compared to
the odd harmonics.
To exemplarily quantitatively demonstrate the influence of the spectral-cut position on
a single property of the high-order harmonics, we show how the energy tuning varies
as a function of the spectral-cut position (see Fig. 5.17). We see that the energy tun-
ing patterns turn upside down when the spectral cut it moved through the center of the
Gaussian-shaped driver spectrum. The strongest energy tunablity is given for an off-
center spectral-cut position. In the simulations the relative change of the instantaneous
frequency is displayed for time delays, where the peak intensity is above 0.013 a.u. The
threshold is applied to meet the experimental situation, where a sufficient peak intensity
is necessary to produce high harmonics in the measured energy range. For a spectral
cut at the high-frequency wing of the spectrum (e.g. at 2.7 fs−1), the instantaneous fre-
quency at the driver peak is highest for zero time delay. When a time delay is applied the
contribution of the high-frequency section can be only lowered, which "moves" the high
frequencies out of the pulse or sets their phase into destructive interference with the main
pulse, what both reduces the instantaneous frequency at the driver peak. The opposite
result is obtained for a cut located at the lower-frequency wing of the driver spectrum.
Here, a lower contribution of the lower spectral frequencies increases the instantaneous
frequency at the intensity maximum. According to our model this change of the instanta-
neous frequency translates directly to a proportional change of the harmonic energies.
In conclusion, in this section we have performed remarkable control of HHG by only ap-
plying the split-spectrum time-delay control without CEP stabilization. Both experimen-
tally and theoretically, we found a strong energy tunability of the harmonics, a beating of
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the harmonic intensity, a controllability of the pulse number in the APT and the genera-
tion of fractional-harmonic combs. We explained the underlying mechanism for different
relative segmentation scenarios (energy sharing) of the driver spectrum. In the next sec-
tion we will refine the achieved control by including the CEP and later a temporal chirp
of the driver field as further control variables.
5.5 CEP-stable Results
While in the last section the carrier-envelope phase (CEP) was not stabilized, we will now
experimentally apply additional CEP control, to further enhance the controllability of
HHG und to make use of the multidimensional (multi-parameter) control scheme, which
we developed in chapter 4.
5.5.1 Time-delay Dependence
Fig. 5.18b) shows the odd harmonics and the fractional-harmonic combs as a function of
the time delay between the split-spectrum sections given in Fig. 5.18a). The energy dis-
tribution between the spectral sections is about 1 : 1.4. The harmonic spectra look similar
to the CEP-averaged case and again show the pronounced beating of harmonic intensity
as well as the energy tuning with the time delay. Moreover, we observe the generation
of fractional-harmonic combs here as well. Again the fractional harmonics are more in-
tense at positive time delays (visible spectral section first), while for the odd harmonics
it is the other way round. Note that the intensity in Fig. 5.18 is in log-scale to the basis
10. In total, by CEP stabilization the effects described in the last section are maintained,
maybe even with a better subcycle time-delay precision. We find the following general
fact advantageous for a precise control and optimization of different properties of the pro-
duced harmonics: As a function of the time delay the pattern repeats every full cycle but
at the same time varies slowly from cycle to cycle. It varies furthermore differently for
instance for the odd and fractional high harmonics. That finding will be applied in sec-
tion 5.5.4, where we investigate the combs with an emphasis on the optimization of the
fractional-harmonic combs.
We see in Fig. 5.18 that harmonics are generated also for time delays, where the temporal
overlap between the two subfields is low (e.g. for ∆t < −25 fs or > 25 fs). The hereby
observed harmonic beating with time delay is again an effect of the kinetic-heterodyne
mixing of the laser fields. In this case the more intense subfield is strongly modulated by
the temporal wing or by subpulses of the delayed other subfield, whose temporal width
of the electric field is much longer than its width in intensity. This explains as well why
in all time-delay scans we see highly-modulated high harmonics for a significantly wider
range of the time delays than given by the driver pulse duration (∼10 fs).
Before we study the influence of a CEP variation, it shall now be explained how the time
delay between the two subfields is derived. The relative time delay is given by the mirror
position z, set by the piezo-controller: ∆t =∆z
c
+const., where c is the speed of light and
a positive ∆t means the visible (VIS) part of the spectrum comes first. However, the
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Figure 5.18: Split-spectrum controlled high harmonics as a function of the time delay for a phase-
stabilized driver field (experimental results). a) Driver split-spectrum with the cut at 768 nm.
b) Similar high harmonics and fractional-harmonic combs are revealed as in the CEP-averaged
case. Low-intense odd high harmonics are produced and beat with the time delay for low pulse
overlap as well (the color encodes the logarithm to the base 10 of the harmonic intensity). The
latter finding results from the kinetic-heterodyne mixing effect for time-delayed laser fields.
absolute time delay has to be calibrated interferometrically. We use the fundamental laser
pulse itself for this purpose and record a highly nonlinear response, which is the HHG
in our case, as a function of the relative time delay. We do not choose the absolute time
delay by comparison to simulation, as this way we can better test their validity. Instead
we calibrate the absolute time zero from its effect on the cut-off harmonics. The highest
harmonics are produced for the driver pulses with the highest peak intensity. This is
given for an unshaped pulse with flat spectral phase, thus for ∆t = 0. In the simulation
considering the spectral phase after dispersion compensation the most intense driver pulse
is obtained at ∆t ≈ 0.4 fs, because this small time delay compensates best for the non-
perfect, but close-to-flat spectral phase after the dispersion compensation (see Fig. 5.2).
We cannot determine the residual spectral phase with a precision better than in Fig. 5.2,
but confirmed the influence to be small (see autocorrelation measurements in Fig. 2.9),
which is why we neglect it. We estimate the error of the absolute time delay to be about
one laser cycle T .
5.5.2 CEP Dependence
Having a phase-stabilized fundamental laser field, we now change φ0 of the field before
the pulse shaper and record the generated high harmonics spectra as a function of φ0. To
study the influence of the CEP on the fractional-harmonic combs, we set the spectral-cut
position to 770 nm and the time delay to a setting, where the fractional high harmonics
are predominantly generated. As we can see in Fig. 5.19 the fractional-harmonic comb
is produced for all CEPs (0-2π). While the shape of the comb is not affected by the
CEP the spectrum is shifted in energy. The tuning of the energy of the individual fraction
harmonics is linear with the CEP. Within a CEP-range of 2π they shift by twice the energy
spacing between two subsequent comb lines. This can be understood as follows: While
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the time delay between the spectral sections changes both the shape and the phase between
the carrier and envelope of the shaped pulse at its most intense peak φshaped0 , the CEP of
the fundamental field φ0 only changes φ
shaped
0 , but leaves the envelope of the shaped driver
pulse constant. In simulations we find for ∆t = constant:
∆φshaped0 ≈ ∆φ0. (5.12)
Since the temporal spacing of the intensity maxima of the shaped pulse and thus the tem-
poral spacing of the two attosecond pulse trains is not affected by φ0 the energy spacing
of the fractional harmonics is not altered. A change of φshaped0 moves the electric field
carrier underneath the envelope at both intensity peaks. This changes the energy and
possibly also the intensity of the fractional high harmonics. The mechanism can be trans-
ferred from the energy-tuning with the CEP, which was studied in chapter 3. A change
of ∆φshaped0 = π, achieved according to Eq. 5.12 by ∆φ0 = π, leads to the same amount
of the electric field and thus the same fractional-harmonic comb resulting in the observed
periodicity with ∆φ0 = π. The shift of the fractional-harmonic combs in Fig. 5.19 in
energy implies that the spectral-phase difference (equals the CEP difference) between
both produced APTs can be entirely set by the CEP. In chapter 4 the relative phase be-
tween the attosecond pulses was found to be influenced by the position within the pulse
envelope (trailing edge or close to the peak). Here, we find a different behavior of the
attosecond pulse phases at the first driver intensity maximum compared to the second
maximum. These different behaviors could result from different plasma conditions or
different single-atom trajectories for both APTs. While in chapter 4 we controlled inde-
pendently the intensity ratio and spectral-phase difference between two attosecond pulses
we now find the ability to perform the same control with two attosecond pulse trains.
The complementarity of the influences and control mechanisms of the CEP and the time
delay is an important finding towards the independent control of HHG with these two
control parameters. Indeed we experimentally find that two properties of the generated
high harmonics (in Fig. 5.19 e.g. the peak-to-valley intensity contrast of the comb lines
on the one hand, and the peak positions in energy of the fractional harmonic lines on the
other hand) can be fully controlled by just the two parameters∆t and φ0. This fulfills the
conditions of the definition of independent control as defined in chapter 4. In section 5.5.4
we will make use of the independent controllability to optimize the fractional-harmonic
combs. Thereafter the independence and the influence of the individual control parame-
ters with inclusion of all control parameters will be further studied in section 5.5.7.
5.5.3 Influence of Temporal Chirps
In this section the influences of temporal chirps of the laser field before the pulse shaper
on the split-spectrum controlled HHG are analyzed. Such chirps (defined by the group
delay dispersion) temporally broaden the driver laser pulse and additionally change the
instantaneous frequency of the electric field of the pulse. This change of the instantaneous
frequency adds onto the modulation induced by the split-spectrum pulse shaping itself,
whose dependence on the time delay causes the energy tuning of the high harmonics
as demonstrated in section 5.4.3. We study the influence of the temporal chirp for the
driver spectrum as depicted in Fig. 5.20a), where the intensity in the second spectral
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Figure 5.19: Energy tunability of the measured fractional high-harmonic comb as a function of
the CEP of the fundamental pulse (experimental result). The energy of the individual peaks shift
linearly with the CEP with a periodicity of one peak spacing per pi CEP-change, while the shape
of the comb stays the same.
part is low compared to the intensity in part I (1.4% of the total flux), yet the expected
energy tuning capability is still large due to the generalized kinetic-heterodyne mixing
principle. Fig. 5.20c) and d) show the high harmonics as a function of the time delay,
where the measurement conditions where the same for both figures, except that in d)
a temporal chirp of -5.7 fs2 was added by reducing the amount of glass (fused silica
wedges) in the beam before the pulse shaper. While in Fig. 5.20c) an energy tuning is not
noticeable, we record a sloping of the harmonics in d). The experimental finding matches
the numerical simulations displayed in Fig. 5.20b), where the measured driver spectrum
was used to calculate the change of the instantaneous frequency at the intensity maximum
of the driver pulse as a function of the time delays. Besides, we observe in Fig. 5.20 that
the high harmonics of different orders peak at different time delays. The time-delay shift
is more pronounced when the temporal chirp is added. A reason could be related to the
time-delay difference found when a second harmonic is added for HHG [170], but the
further investigation of this effect is beyond the scope of this work.
5.5.4 Fractional-Harmonic Comb Optimization
Having introduced the effect of the individual control variables, we show in this section
how they can be applied for optimization at the example of the fractional-harmonic combs.
5.5.4.1 Experimental Results
The first degree of freedom for an experimental optimization of these combs is the
spectral-cut position. In the experiment we found pronounced results for a close to sym-
metric spectral-cut position of 770 nm. The split spectrum and the measured harmonics
are presented as a function of the time delay in Fig. 5.21. The complete scan was con-
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Figure 5.20: Influence of a temporal chirp on the split-spectrum controlled HHG. a) Measured
heterodyne split spectrum with the spectral cut at 830 nm. b) Comparison to the energy-tuning
model employing the measured spectrum and group delay dispersion (GDD) of +5 fs2 (circles),
0 fs2 (pluses) or -5 fs2 (squares). Relative instantaneous frequency at the driver pulse maximum as
a function of the time delay. c) Measured high harmonics as a function of the time delay between
the two spectral sections. d) Measured high harmonics with a negative temporal chirp of -5.7 fs2
compared to (c) added to the fundamental laser field. Besides, we find here that the measured
harmonics peak at different time delays (white lines). The difference is 0.18 ± 0.10 fs in c) and
0.77± 0.08 fs in d).
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Figure 5.21: Optimization of fractional-harmonic comb generation (experimental results).
a) Driver split spectrum with the cut at 770 nm and 52% of the energy in the first section.
b) Measured harmonic spectrum as a function of the time delay with a stabilized CEP. Intense
fractional-harmonic combs are produced for several time delays, spanning many harmonic orders.
The fractional-harmonic combs show different energy-tuning slopes and spacings of the comb
lines, controlled by the time delay. c) A fractional-harmonic comb over multiple harmonic orders
is produced at a time delay of 4.28 fs. The strong time-delay dependence both on the attosecond-
and optical-cycle scale allows to select fractional-harmonic combs or high harmonics with spectral
properties that are suited with respect to different applications.
ducted with a fixed CEP of the driver laser. For ∆t < −8 fs we see the intense odd har-
monics, which beat with the time delay as discussed above. While at other cut positions or
at scans without CEP stabilization (see Fig. 5.7) we measure fractional-harmonic combs
which take turns in time delay with the odd harmonics we here observe completely differ-
ent patterns for -5 fs < ∆t < 12 fs. We see that the generation of intense odd harmonics
is suppressed at energies from 30 to 40 eV. Instead intense fractional-harmonic combs are
produced, which range depending on the time delay more or less continuously over an en-
ergy range of more than 8 eV. Surprisingly the 2ω-modulation in energy vanishes almost
completely. Yet these combs do not have full intensity contrast between peaks and valleys
of the individual comb lines (see e.g. the comb-spectrum for ∆t = 4.28 fs in Fig. 5.21c).
At the time delays between the combs a broad harmonic continuum is generated. Beyond
the cut-off energy of the fractional harmonics, we see odd harmonics which show a sub-
cycle structure. They are spectrally broadened to such an extent that they even overlap
with the next odd harmonic orders. Their time-delay dependent intensity profile forms the
letter "O". A possible explanation of these findings could be that for a large overlap of the
subfields (-5 fs < ∆t < 10 fs) in case of constructive interference of the subfields at time
0, the peak intensity in so high that after the production of about two attosecond pulses the
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plasma density is high enough to close the temporal ionization gate on the leading edge
of the driver pulse. But in case of a shaped driver pulse with two lower intensity maxima,
the ionization rate is much lower so that the ionization gate is open now for both APTs,
allowing them a higher spectral intensity compared to the single APT. Besides, we see a
good agreement to the numerical simulation shown in Fig. 5.12. When we take the same
time-delay resolution as accessible in the experiment into account, we see that the ex-
periment confirms the numerical finding that intense and continuous fractional-harmonic
combs can be produced over large energy ranges.
Moreover, we observe in the experiment differently signed energy tunings of the fractional
harmonics with the time delay. Around ∆t = 20 fs we finally see fractional harmonics
with a larger energy spacing and in a periodic change with odd harmonics as observed
in the scans discussed before. We now show exemplarily how different properties of
the fractional-harmonic comb depend on the time delay, which allows to gain the best-
matching comb with respect to desired properties as for example a high peak-to-valley
modulation contrast, the coverage of a wide or specific energy range, a perfect regular
spacing of the individual lines or a high total intensity. For each such property of the
comb we can define quality functions which quantify the match to the desired property.
Afterwards we can scan the time delay optionally for different spectral-cut positions, tem-
poral chirps, or CEP values, to find the optimum of an individual property. Additionally,
we can combine and weight different quality functions to optimize several comb proper-
ties. To analyze the combs in more detail we take for each time-delay position the Fourier
transformation of the harmonic spectrum in the energy range 31.6 eV to 36.0 eV. To avoid
numerical artifacts a smoothing function was used at the edges of the harmonic spectrum.
We directly obtain the inverse energy spacing of the comb lines. The inverse width (stan-
dard deviation) of this signal gives us a measure of the regularity of the line spacings.
As a further quality function, we define the average contrast of the intensity peaks and
valleys:
contrast(∆t) = average(
Imax − Imin
Imax + Imin
) (5.13)
A high comb contrast means that the intensity of both attosecond pulse trains is well-
balanced in the considered energy range. In Fig. 5.22, the Fourier amplitude, the average
comb contrast, the Fourier-frequency, the total comb intensity and the inverse width of
the Fourier peak corresponding to the fractional-harmonic oscillation in the spectrum are
plotted as a function of ∆t. These values are only presented for time delays where the
Fourier-amplitude is above the threshold of 0.4 arb. u., which means that only those time
delays are selected, where fractional high harmonics are produced to a significant level.
We see that the quality parameters vary strongly both on subcycle and many-cycles time-
delay scales. The quality parameters peak at different time delays, enabling to optimize
selectively different properties of the produced combs. The experimental results confirm
that the time delay offers various options to produce differently shaped as well as highly-
regular fractional-harmonic combs.
To further examine the regularity of the fractional-harmonic combs experimentally, we
vary the CEP of the driver laser field in steps of 0.1π in a range of 10π (see Fig. 5.23).
We now apply a Fourier filter, where we select the 10th array element of the finite numer-
ical Fourier-transform frequency space, in order to keep only the signal which is periodic
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Figure 5.22: Analysis of several comb-quality values as a function of the time delay for the mea-
sured fractional-harmonic comb presented in Fig. 5.21 (experimental results). The spectrum was
analyzed in the energy range from 31.6 to 36 eV. a) Total comb intensity. b) Average peak-to-
valley contrast of the comb lines. c) Fourier frequency (inverse comb-line spacing). The value
corresponds to the temporal distance of the attosecond pulse trains. d) Fourier amplitude in this
Fourier-frequency range. e) Inverse width of this Fourier-peak. The quality values are only con-
sidered at time delays where the Fourier amplitude is above the threshold 0.4 arb. u.
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with the CEP with the periodicity of π. We extract the phase of the Fourier-filtered signal
and subtract the same linear phase with energy for every CEP. A linear phase in energy
corresponds only to a shift in time, which can be neglected (see Eq. 2.12). The resulting
spectral phase is almost flat in energy, except for energies, where the Fourier amplitude
was not sufficiently high to retrieve the correct phase. The flatness of the spectral phase
indicates a high regularity of the comb-line spacing. To study the regularity in a wider
energy range, as can be done easily numerically, the camera has to be moved and the
overlapping spectra have to be calibrated separately, which makes an online-analysis dur-
ing the measurement for comb optimization challenging. A single measurement over an
8 eV exceeding energy range obtained a significant deviation from a linear spectral phase,
while it remains unclear if the deviation could have been eliminated by the choice of other
time delays or spectral-cut positions.
5.5.4.2 Simulation Results
We now compare the experimental results of the comb optimization to the analysis of nu-
merically calculated high-harmonic spectra. For the simulations the measured spectrum
displayed in Fig. 5.21 and the spectral cut at 770 nm were applied to correspond to the
experimental situation. The spectral phase was considered to be flat (no chirp) except for
the spectral phase induced by the time-delay operation. Making use of the advantage of
the simulations that the high harmonics spectrum is given here for the complete energy
range, we analyze a larger energy range compared to the experiment (32 eV to 56 eV).
Fig. 5.24 shows the values for the same quality functions as in the experimental case
(Fig. 5.22). Again, we see a large and separately controllability of the different comb
quality characteristics as a function of the time delay. We gain excellent results for the av-
erage comb contrast (see Fig. 5.22b) and f)), demonstrating that the fractional-harmonic
combs or, in the view of the time domain the two attosecond pulse trains, can be well bal-
anced in their entire spectral range (exceeding a bandwidth of 30 eV). The superimposed
2ω-modulation is clearly visible in the entire spectral range for the comb with the highest
contrast. For applications where this superposition is not favorable it can be suppressed
by a corresponding specific optimization as demonstrated experimentally in Fig. 5.19.
5.5.5 CEP Spectral Interferometry of the Fractional-Harmonic
Combs
We now apply the method of carrier-envelope phase spectral interferometry (CEPSI)
[133] as introduced in chapter 3 to analyze the temporal structure of the two attosec-
ond pulse trains that produce the fractional-harmonic combs. We optimize the fractional-
harmonic combs by the choice of the spectral-cut position and the time delay as free
parameters to produce a continuous fractional-harmonic comb over several harmonic or-
ders. We avoid the superposed 2ω-modulation, which was clearly visible in Fig. 5.7 and
obtain the harmonic spectra in Fig. 5.25a) as a function of the CEP. The application of
the method is enabled by the regular energy tuning of the fractional-harmonic combs
with the CEP, which is similar to energy tuning of the odd harmonics in conventional
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Figure 5.23: Analysis of comb regularity by CEP-resolved spectral interferometry [132] (experi-
mental results). a) Spectrum of fractional high harmonics measured for stabilized CEPs scanned
from 0 to 10pi. b) The Fourier transformation along the CEP obtains a peak at pixel 10, which
corresponds to a pronounced periodicity of the fractional harmonics with the CEP of 1pi. c) After
selection of this pixel 10 an inverse Fourier transformation for each energy is performed and the
phase is displayed. After subtraction of a linear phase in energy, which is an arbitrary time delay,
the spectral phase of the comb is close to flat in the presented measurement, except for energy
regions, where the Fourier-amplitude was so small that artificial phase shifts might appear.
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Figure 5.24: Optimization of the fractional-harmonic combs by tuning the time delay between the
two spectral sections (simulation results). The simulations are based on the measured spectrum
(Fig. 5.21) with the spectral cut at 770 nm. The following properties of the fractional-harmonic
comb in the energy range from 32 eV to 56 eV were analyzed as a function of the time delay:
a) The total comb intensity. b) The average contrast between peak and valleys in the comb, where
1 is the best possible value. c) The Fourier transformation of the spectrum obtains the comb-
lines frequency (=inverse spacing of the comb lines). d) The Fourier amplitude at this frequency.
e) Its inverse width is a measure of the comb regularity. f) The spectrum of the fractional-harmonic
comb at the time delay 3.68 fs was optimized with respect to a high comb contrast. A high contrast
is realized for the complete spectral range of the comb.
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Figure 5.25: Carrier-envelope phase spectral interferometry (CEPSI) of fractional-harmonic
combs (experimental results). a) Harmonic spectrum as a function of the CEP. b) Complex Fourier
transformation of a) with respect to the energy reveals a spacing of the APTs of ∼18 fs. c) The
unwrapped Fourier phase is plotted for the Fourier times 18.2 fs and 19.8 fs in (b) and tunes lin-
early with the CEP. This demonstrates the capability to freely set the relative phase between the
two produced attosecond pulse trains.
CEPSI. The lower energy spacing of the fractional harmonics enhances the number of
interference structures and thus significantly the resolution in the spectral domain. While
conventional CEPSI is based on the interference of few attosecond pulses this is now
transferred to the interference analysis of the two attosecond pulse trains. Fig. 5.25b)
shows the Fourier transformation of the fractional harmonics for each value of the CEP,
which is scanned continuously from 0 to 10π. We see in the Fourier domain that the
spacing of the attosecond pulse trains is about 18 fs and is not altered by the CEP. There
are no visible periodic changes of the Fourier amplitude with the CEP. This indicates that
the spectral shape of the fractional-harmonic combs is hardly influenced by the CEP and
the envelope of the APTs stays about the same except for a modulation of the total in-
tensity. In contrast, the phase of the Fourier signal tunes about twice as fast as the CEP.
By the CEP an arbitrary value of this Fourier phase can be set. As a result we derive:
while in chapter 4 we were able to set the spectral phase between two the members of an
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attosecond twin pulse, we here gain experimental control of the spectral phase between
two attosecond pulse trains, which is directly given by the Fourier phase. Additionally
after the subtraction of a linear phase information about the comb regularity and the CEP
stability during the measurement is contained in the standard deviation of the residual
Fourier phase. One can take advantage of the fact that CEPSI reveals the phase between
the attosecond pulse trains: When the fractional-harmonic combs are applied to transient
absorption spectroscopy [189, 190, 191, 192] the complete information of the complex
refractive index of the transmission medium can be revealed as a function of a dynamical
parameter like the time delay to an excitation pulse. The transient transmission spectrum
then tells for each time-delay step the spectral absorption (due to the imaginary part of
the refractive index), while the change of the phase between the two APTs measures the
changes of the dispersion (caused by the real part of the dynamical refractive index).
5.5.6 Subcycle Precision, Stability and Coherence
As we have seen the precision of the time delay between the two spectral sections is cru-
cial to observe the manifold subcycle effects. To determine the precision of the time delay
in our setup, we first look at the fastest changes in the harmonic spectrum we can resolve
with the time delay. Fig. 5.26 shows an example of the CEP-stabilized measurement pre-
sented in Fig. 5.21 at the energy of 35.3 eV. From the rising time (20% to 80% of the
change) of the harmonic signals we get an upper limit for the precision of ∼140 as. The
value includes the interferometric stability within the measurement time, which would
e.g. be affected by the fluctuations of the refractive index of air in the part of the beam
path where the two spectral sections are separated. Secondly, the interferometric stabil-
ity was measured with a similar split-mirror setup based on a piezo stage from the same
supplier and with the same specifications, obtaining a stability of 40 as. A high precision
and stability of the time delay between the two subfields is a requirement of the split-
spectrum control method for the observation of CEP effects. This is due to the effect that
the change of the effective CEP of the shaped pulse is rapidly altered by a small change of
the time delay (Eq. 5.10, Eq. 5.11). The amplification arises from a multiplied temporal
shift of the intensity maximum by a relative small variation of the time delay. For such an
amplification factor of five, which is a reasonable value, the stability between the spectral
sections must be T/25 ≈ 100 as to resolve a CEP change of 2pi
5
= 0.4π. The clearly
resolved observation of CEP effects in section 5.5.2 points to such an attosecond-precise
stability between the two subfields in the experiment. If the stability of the subfields gets
too low, the fractional-harmonic combs cannot be observed any more, since they are only
produced for a time-delay range <1 fs within one cycle.
The coherence of the split-spectrum pulse shaping is proven by the observed pronounced
beating of the harmonic intensity which results from exactly that coherent pulse shaping.
Additionally, the generation of the fractional high harmonics demonstrates firstly the co-
herence of the generated attosecond pulse trains even though they are spaced by many
cycles, and secondly, again, implies coherent tailoring of the driver pulse.
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Figure 5.26: Interferometric stability of the pulse shaper (experimental result). The measured
high-harmonic signal at 35.3 eV is displayed as a function of the time delay between the spectral
sections. From the ability to resolve rapid periodic changes of the high-harmonic intensity, we
derive a time-delay resolution and interferometric stability of ∼140 as (time span for the relative-
intensity change from 20% to 80%).
5.5.7 Influence and Independent Way of Action of the Individual
Control Parameters
In this section the influence and effects of the individual control parameters on the pro-
duced high-order harmonics will be summarized. Results marked with a star (*) have
only been demonstrated numerically, while for all other results experimental and numeri-
cal evidence is given.
• The time delay has the largest impact on HHG. We separate its effects into the sub-
cycle time delay and the overall time delay with variations from cycle to cycle. With
the one laser-cycle periodicity the harmonic intensity beats, the harmonic energy is
tuned and where applicable fractional-harmonic combs are generated. In numeri-
cal simulations (*) we have further seen a large, rapid subcycle energy tuning of
the odd harmonics, which is introduced by a rapid change of the effective CEP of
the shaped driver pulse when the subcycle time delay is tuned. The overall time
delay controls the number of attosecond pulses, the relative intensity of odd and
fractional harmonics, the total harmonic intensity, the regularity of the fractional-
harmonic combs and the harmonic-energy tuning introduced by a change of the
instantaneous frequency.
• The CEP of the driver field finely tunes the fractional-harmonic combs in energy.
This enables to set the spectral-phase difference between the two APTs. The CEP
tunes odd harmonics as well, if the time-delay stabilization is sufficiently pre-
cise (*).
• The spectral-cut position defines the regime where the generation of fractional-
harmonic combs, the energy tuning of the odd harmonics or the intensity beating
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are enhanced separately. Moreover, it determines the sign and the extension of the
instantaneous-frequency induced harmonic-energy tuning with the time delay.
• The influence of a small temporal chirp delivers an independent superposed addition
to the shape of the harmonic-energy tuning.
• The intensity of the driver field controls the cut-off energy of both fractional high
harmonics and regular high harmonics. It steers the intensity of the harmonics and
by ionization gating the attosecond pulse number (*).
In total, the studied control parameters act qualitatively different in their mechanisms and
effects on HHG. A number of different properties can extensively be controlled in each
case by the use of only one or two control knobs. This reduces the expected time expen-
diture to reach a given optimization goal, since it is known which variable(s) has/have
to be scanned to realize the optimization goal. On the other side each control parame-
ter has only a limited number of significant effects. As demonstrated this opens ways to
steer several properties of the produced attosecond pulse trains at once (see e.g. the comb
optimization in section 5.5.4). Though the control parameters are not fully independent
according to the strict definition given in chapter 4, their high level of independence makes
them exemplarily suitable for a comprehensive, multi-parameter and manifold control of
attosecond pulse trains and their spectral properties. With this knowledge of the above
described fundamental control effects and mechanisms, the attosecond pulses and pulse
trains can now be tailored in more complex manners.
5.6 Applications
In the following a few possible applications of the fractional-harmonic combs are pre-
sented. For a first application the spectral bandwidth of the laser could be narrowed with
the consequence that longer driver pulses are produced with a much longer temporal sep-
aration of the two driver peaks and thus also of the two attosecond pulse trains. The
fractional harmonics would then be much narrower and supply a finer spectral resolution.
Moreover, the driver pulse could be derived off a high-repetition rate frequency comb
laser source. The resulting ’supercomb’ with the superimposed fractional-harmonic mod-
ulation could then be helpful by supplying additional coarse markers for identifying the
absolute spectral position in the underlying fine and perfectly regular frequency comb
created by the phase-locked driver pulse. Such combs could then be utilized for ad-
vanced, high-precision frequency metrology and interferometry experiments in the XUV
region [193, 194].
Moreover, the observed spectral broadening of the harmonics reveals the controlled gen-
eration of two to three attosecond pulses. The implementation of additional gating tech-
niques or the use of a broader fundamental spectrum would deliver isolated attosecond
pulses for other applications and experiments. The controlled production of isolated or
few attosecond pulses could then be applied to probe or steer attosecond electron dynam-
ics in atoms, molecules or solids on their natural attosecond time scale. The findings of
this chapter are further important for and give a comprehensive insight into field synthesis
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in general. Even when more than two spectral driver sections are used, it is helpful to
understand the impact and the versatile control mechanisms behind two subfields as well
as the influence of the choice of the spectral-cut positions.
Furthermore, interference experiments with two fully coherent and adjustable attosecond
pulse trains could be performed. Quantum dynamics originates from the interference of at
least two different pathways leading to the same final state respectively. By excitation of
an bound electron by two temporally spaced attosecond pulse trains (or even better pulses
as in chapter 3) with controlled spectral-phase difference a wavepacket can be initiated,
where its dynamics is directly governed by the relative phase of the two attosecond pulses
(/trains). The final states as given by the quantum system (see the studies of electron dy-
namics in section 3.2) could then be selectively reached. The fully-tunable phase differ-
ence between the attosecond pulse trains also makes them perfectly suitable for spectral-
interferometry experiments. In combination with the CEP-spectral interferometry method
the phase difference between attosecond pulses or pulse trains and its variation after prop-
agation through a medium could be used to uncover the transient spectral dispersion in
transient absorption spectroscopy [189, 190, 191, 192] as described above. Together with
the harmonic absorption spectrum the full information encoded in the complex refractive
index can be determined as a function of the energy in the extreme-ultraviolet spectral
range covered by the fractional-harmonic combs. The transient transmission (absorption
and dispersion) could then be measured as a function of the time delay with respect to
a more intense IR pulse which introduces electron dynamics in the transmitting medium
on the attosecond to femtosecond time scale. The instantaneous frequency model finally
could be applied to other HHG or strong-field electron-dynamics control configurations
to understand or predict energy modulations there.
5.7 Conclusion
In this chapter comprehensive, coherent control of attosecond pulse-train production in
argon was performed both experimentally and numerically by splitting up a broadband
few-cycle laser field into two variable spectral sections and applying an attosecond-precise
time delay between them. The two subfields beat in time on the scale of the driver pulse
duration (∼10 fs) leading to a one-laser-cycle periodic oscillation of the high-harmonic
intensity when scanning the time delay between the spectral sections. For time delays with
destructive interference of the two subfields of roughly comparable intensities, the driver
field is shaped in a way that it contains two intensity maxima at which attosecond pulse
trains with controllable relative intensity are generated. Their defined spacing in time
leads to fine combs of fractional (noninteger) high harmonics in the extreme-ultraviolet
spectral domain. A strong energy tunability of the odd high harmonics was observed
and quantitatively explained by the change of the instantaneous frequency at the intensity
maximum of the driver field with the time delay. We demonstrated that the generalized
principle of kinetic-heterodyne mixing of laser subfields enlarges the parameter range for
effective control of HHG both spectrally and temporally. Applying CEP stabilization we
numerically found that a subcycle time delay introduces a large harmonic-energy tun-
ing caused by a rapid effective-CEP change of the shaped pulse, which is enhanced by
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the interference-based shift of the driver-peak position in time. The combination of time
delay- and CEP control together with the choice of the spectral-cut position enables a
multi-parameter, independent and versatile control of several temporal or spectral prop-
erties of the produced attosecond pulse trains. The fractional high-order harmonic combs
can thus be optimized, for example to behave regularly in line-spacing within a large en-
ergy range or to create two attosecond-pulse-trains with a controlled relative phase and
relative intensity. Furthermore, the CEP dependence of the fractional-harmonic combs
allows the application of CEPSI [133] with an enhanced spectral resolution. This is
especially useful for XUV-transient transmission spectroscopy, where at the same time
the transient absorption and dispersion can be retrieved. The presented coherent control
scheme acts purely microscopically, meaning that the presented effects are well under-
stood by the modified response of a single atom to a tailored high-intensity few-cycle
driver field. The CEP of the driver field, the time delay, the spectral-cut position and
optionally a small temporal chirp are thus shown to be powerful control tools for HHG,
which, given a sufficient spectral bandwidth, complement each other. In combination
they are well-suited for a comprehensive, coherent control of electron dynamics in atoms,
molecules, solids or soft matter on their natural attosecond or femtosecond time scale,
especially when large spectral bandwidths are applied.
Chapter 6
Conclusion
Attosecond pulses of extreme ultraviolet or soft x-ray light enable the measurement of
electron dynamics in atoms and molecules on their natural time scale. For example by em-
ploying an isolated attosecond pulse in combination with a near-single-cycle femtosecond
pulse a delay in photoemission of 21 ± 5 as was measured between the electrons ejected
from the 2p and 2s orbitals of neon atoms [195]. In this work we controlled the production
of attosecond pulses and pulse trains by laser-optically steering the process of high-order
harmonic generation (HHG). We used intense, few-cycle, broadband, close to bandwidth-
limited, femtosecond laser pulses with a central wavelength around 750 nm for HHG in
noble gases. The controlled variation of the carrier-envelope phase (CEP) of these pulses
at the experiment delivered the first degree of freedom for HHG control. HHG has been
controlled before by pulse-shaping using multi-cycle pulses and evolutionary algorithms,
but there the generation of attosecond pulses was potentially also influenced by macro-
scopic effects like phase matching. In contrast, the control presented in this thesis is
purely based on the manipulated response of single atoms to the modified driving laser
field. We investigated the control of HHG by different methods. The key idea was to em-
ploy as few control variables as possible to gain the maximum control effect. This enabled
to clearly uncover the individual control mechanisms. At first HHG was experimentally
studied for the single-parameter case of CEP control in chapter 3. The newly-developed
method of CEP-spectral interferometry was applied to reveal different behaviors of the
relative phases between the three produced attosecond pulses as a function of the CEP.
The method provides not only detailed information about the time structure of the at-
tosecond pulses but traces both spectral amplitudes and phases, which makes it suitable
for transient-transmission spectroscopy revealing the absorption and dispersion at once in
combination with a (sub-)femtosecond time resolution.
In a theoretical investigation in chapter 4 a weak second laser field at the doubled fre-
quency was added to extend the controllability by providing the time delay between the
laser fields as a second control parameter besides the CEP. It was demonstrated that these
two parameters alone are sufficient to independently and precisely set two properties of
produced attosecond double pulses: their intensity ratio and their phase difference. At-
tosecond twin pulses with perfectly-balanced intensity and arbitrarily adjustable phase
difference can be generated and applied for spectral interferometry experiments. This es-
tablishes the concept of independent and complete control of multiple temporal or spectral
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properties of the attosecond pulses by an equally large set of control variables. Instead of
applying two laser fields at separated frequencies a continuous broadband field can be di-
vided into two variable spectral sections, which are then time delayed. Even if the energy
distribution in both subfields is highly unbalanced a strong impact on HHG is retained.
This is understandable by the principle of kinetic-heterodyne mixing of laser-fields, which
we generalize.
The experimental implementation of the split-spectrum pulse-shaping approach revealed
the controlled generation of attosecond pulse trains. The purely time-delay driven co-
herent interference of the two subfields already leads to a beating of the high-harmonic
intensity and to a pronounced energy tuning of the high-order harmonics with the time
delay. A quantitative model was developed to identify the origin of this energy tuning in a
time-delay driven modulation of the instantaneous frequency at the intensity maximum of
the shaped driver pulse. Considering a weak chirp of the driver field in the experiment an
excellent agreement with the measured energy tuning was found. The beating of the two
laser subfields in time shapes the driver pulse in a way that it exhibits two intensity max-
ima for certain time delays. As a consequence two temporally spaced attosecond pulse
trains with adjustable relative intensity are produced. Their spectral interference leads
to the generation of fractional high-harmonic combs (noninteger high-order harmonics).
By means of CEP spectral interferometry it was demonstrated that the CEP shifts the
comb in energy but retains the spectral shape. This means that the relative phase between
the two attosecond pulse trains can be freely set by the CEP while the time delay controls
their relative intensity. This gives experimental evidence for the multidimensional scheme
of independent control, which we theoretically proposed beforehand, and verifies its po-
tential for spectral-interferometry experiments and transient transmission measurements.
The regularity of the fractional-harmonic combs can be investigated by a Fourier analysis
of the spectral CEP dependence of the combs as a function of the time delay. Hereby
variations within and between the beating cycles can be utilized for optimization. The
time-delay driven shaping of the driver pulse causes a crucial change of its effective CEP
already by the application of subcycle time delays of only a few tens of attoseconds. As a
consequence numerical simulations revealed a rapid and continuous energy tuning of the
high harmonics over several tens of eV which is effected by the rapid shaping-induced
effective-CEP variation.
In total, comprehensive, multidimensional, coherent control of attosecond pulse and pulse
train production was experimentally and theoretically demonstrated in both the spectral
and temporal domain by an effective, few-parameter, open-loop control scheme with
shaped, phase-stabilized, few-cycle laser pulses. The identified control mechanisms are
fully understandable by the single-atom response. The gained knowledge of the inter-
play between CEP and time-delay control opens the door to produce tailored attosecond
pulses and pulse trains for the coherent control of attosecond electron dynamics in atoms,
molecules and nanostructures like nanotips. The provided insights are especially impor-
tant for HHG with synthesized optical waveforms. Further applications are spectral inter-
ferometry experiments and enhanced transient-transmission measurements in the extreme
ultraviolet and soft x-ray region.
Appendix A
Adaptive Control of High-order
Harmonic Generation
A.1 Method
In chapter 2 we have seen that we can shape the real electric field E(t) of our few-cycle
driver laser pulse in the time domain by applying control over the spectral phase φ(ω).
The shaped driving laser pulse is then applied to HHG during which the laser pulse shape
has large effects on the electron trajectories and consequently influences the temporal and
spectral properties of the produced attosecond pulses. In the common 4f-pulse shaping
setup the laser spectrum is spectrally resolved by a dispersive element for example a
grating or prism [196, 98]. A focusing element images the separated frequencies in the
Fourier plane, where the perfect separation and resolution of the spectral components
is obtained by the choice of the focal length f for the distances between the dispersive
and focusing elements as well as between focusing element and the Fourier plane. The
beam is then reversed or guided through a symmetric setup to combine the frequencies
again. In the Fourier plane a deformable mirror [197, 198] or a spatial-light modulator
(SLM) [199, 200] can be placed to introduce a controlled spectral phase. This spectral
phase results from variations in the optical path length, which can be introduced within
SLMs for instance by a change of the refractive index. Within the pixels of a liquid-crystal
display (LCD) the refractive index can be controlled by applying an individual voltage for
each pixel. A disadvantage of especially deformable mirrors is that they might deflect the
beam. The large number of degrees of freedom leads to a complex control process where
the influence of single pixels is difficult to reveal. Instead quality functions are defined
in regard to optimization goals by assigning a quality value (often called "fitness") to
each recorded harmonic spectrum as a function of the set values (e.g. the voltages of each
LCD pixel). The technique of evolutionary algorithms [201] has established an efficient
procedure for the computer-based feedback control and optimization, which works as
follows:
In the first step m combinations of set values are randomly generated, applied to control
and the corresponding harmonic spectra are evaluated with a given quality function. The
individual set parameters are referred to as the genes of an individual, while the sum of
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the m individuals constitutes a generation. After the measurement and evaluation of the
m spectra, each corresponding to one individual, the individuals of the next generation
are generated out of the current generation’s individuals in three ways [4]:
• cloning: The direct copying of the individuals with the highest quality mimics the
”survival of the fittest” and transfers the until now best found solutions to the next
generation.
• crossover: The exchange of parts of the genes collects several advantageous prop-
erties of both parents in the child individual.
• mutation: The production of new genes ensures that after some iterations all re-
quired genes are available to reach or approximate the global optimum.
The application of such algorithms leads to a remarkably fast increase of the average and
best quality of the recorded spectra without prior knowledge of the studied process. For
this reason the algorithms are called learning algorithms. The closed loop between pulse
shaper, physical system, detector and learning algorithm gives this control type its name:
closed-loop control, in contrast to the open-loop experiments without feedback mecha-
nism. Adaptive control is another term for closed-loop control emphasizing more the
ability to correct for optical distortions like the residual dispersion or wavefront irregular-
ities. The evolutionary algorithms start with a first guess, which is then optimized. This
illustrates the difficulties in finding the globally optimal set of control parameters which
lead to a desired result, while on the other hand the response of a controlled system can
be calculated more easily [202].
While closed-loop experiments [203] are common in femtochemistry [48, 204, 205, 206],
where for instance chemical bonds can be selectively broken with the Tanner-Rice type
control [207], there have been only a few applications to HHG in the last years. De-
formable mirrors were employed to selectively enhance the intensity of individual high-
harmonic orders and to enhance the intra-atom phase matching [208, 209, 210]. An LCD-
based SLM was used to study the influence of higher dispersion orders on HHG [211].
Similarly deformable mirrors or SLMs can be employed to control the spatial profile of
the driver pulse, for example to correct for wavefront distortions [212]. Additionally, the
control of the spatial structure (e.g. concentration of the intensity in one single mode) has
been shown to be essential for the optimization of high harmonics produced in hollow
fibers [213, 214]. Moreover, a programmable acousto-optic dispersive filter was applied
within a learning loop to tune the wavelength of a high-order harmonic and at the same
time optimizing the total harmonic flux [215]. A common drawback of the cited closed-
loop HHG experiments except those by Villoresi et al. and Wang et al. [211, 212] is that
multiple-cycle laser pulses were applied with a typical length around 30 fs. As a conse-
quence more trajectories contributed to HHG and in some cases also macroscopic effects
such as phase matching played a major role due to the larger plasma build-up in longer
driver pulses.
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Figure A.1: Optimization of the fractional-harmonic comb contrast by an evolutionary algorithm
(numerical results). For control the laser spectrum (a) is divided into 20 pixels with variable
spectral phase. Further the CEP and the time delay between spectral section I and II are varied.
b) Evolution of the quality of the fittest (solid line), the 5th best (dotted line) and the average
(dashed line) of the 40 individuals of each generation. The shading at generation 0 marks the
quality range accessible by the pure time-delay and CEP control with an unmodulated spectral
phase. c) Spectrum of the comb with the highest fitness after 23 generations (solid line) and spec-
tral phase of this comb after subtraction of the linear component (dashed line). Inset: optimized
LCD spectral-phase addition. d) Spectrum of the comb produced with the unmodulated driver
field at the optimal time delay of 1.32 fs (solid line) and spectral phase of the comb after removal
of the linear spectral-phase component (dashed line).
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A.2 Numerical Results
Fig. A.1 gives a numerical example of the optimization of fractional high-harmonic combs
by an evolutionary algorithm. The mechanism of the generation of such combs and the
applied numerical model is described in chapter 5. The pulse shaping is realized by
the combination of time-delay control of two spectral sections and conventional adaptive
spectral-phase manipulation. The split spectrum displayed in Fig. A.1a) is employed for
the simulation with the non-flat spectral phase given in Fig. 5.2 to take the influence of
a not-totally perfect dispersion compensation into account. The spectral cut is at 755 nm
and we choose a variable time delay in the range 1.17 to 1.35 fs. In this time-delay
range the driver pulse exhibits two intensity maxima to properly support the generation
of fractional-harmonic combs. A step-wise defined spectral phase is controllably added
to simulate pulse-shaping of a few-cycle laser pulse with a 20-pixel LCD pulse shaper.
Furthermore the CEP (φ0) is given as control variable. The quality of the generated high
harmonics is determined by the quality function
f(φ1, . . . , φ20,∆t, φ0) = 2
N∑
j=0
maxj −minj
maxj +minj
, (A.1)
where φ1, . . . , φ20 are the spectral phases at 20 equidistant spectral positions and simulate
the LCD pixels. In between the spectral phase is interpolated. A generated fractional-
harmonic comb with a high average peak-to-valley contrast and many detected harmonic
peaks (large N ) gives a high quality value f(φ1, . . . , φ20,∆t, φ0). maxj is the spectral
peak intensity of the jth detected noninteger harmonic andminj represents the subsequent
minimum intensity value. Consequently a comb with the full intensity contrast yields a
quality value of 2 per detected fractional-harmonic peak, while zero spectral modulation
results in a quality of 0. The population size is 40, the mutation probability is 20%, the
cross-over probability 30% and the clone content is 10%. The high-harmonic spectra were
analyzed in the energy range 31.2 eV to 52 eV. Fig. A.1b) presents the fitness (quality)
evolution of the fittest, 5th-fittest (arbitrarily chosen) and the average individual for 23
generations, while Fig. A.1c) displays the optimized comb after 23 generations. The
best spectral-phase addition which the evolutionary algorithm has found is given in the
inset, while for comparison the purely time-delay- and CEP-optimized comb is shown
in Fig. A.1d). As one can see the quality of the best comb has increased from 67.9 in
the first generation to 150.3 in the last generation. The increase is steep within the first
∼10 generations but then starts to flatten, which is typical for evolutionary algorithms. A
very appropriate choice of the time-delay range and a not too large numbers of degrees of
freedom (pixels) was advantageous to obtain high quality values already within the first
five generations. The optimization by the time delay and CEP alone obtains a quality value
of 100.4. This means that by the addition of further degrees of freedom the quality of the
combs can be enhanced beyond the level which is reached by just two control variables.
The improvement is significant (∼ 40%) but small compared to the increase of degrees
of freedom (1100%). Note that the spectral-cut position was not varied and that the time
delay was restricted to 1.17 to 1.35 fs, while in Fig. 5.24 the best result was obtained for
∆t = 3.68 fs. This points to the fact that the efficiency of additional degrees of freedom
decreases rapidly and a large number of control variables is not essential for the control
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and optimization of the fractional-harmonic combs. The harmonic cut-off energy and
the integrated harmonic intensity are lower in the comb which was optimized by adaptive
feedback control. The modulated spectral phase in this case resulted in a broader temporal
distribution of the spectral components and thus lowered the peak intensity of the driver
field.
To further investigate the effect of the additional pulse shaping by the evolutionary al-
gorithm (see the optimized comb in Fig. A.1c)) compared to pure time-delay and CEP
control (see the best feasible comb in Fig. A.1d)), we compare the regularity of the comb-
line spacing of both displayed fractional-harmonic combs. For this purpose we calculate
their spectral phase by the method of spectral interferometry. We remove the respective
DC-components in the Fourier domain and select the frequencies corresponding to the
integer- and fractional harmonic modulations. After Fourier transform back into the spec-
tral domain the dominating linear phase is subtracted. The resulting spectral-phase devia-
tion is plotted (dashed lines) for both combs in Fig. A.1c) and d). We see that the residual
spectral phases are small (−0.3π < ∆φXUV (ω) < 0.3π) for both fractional-harmonic
combs with a standard deviation in the plotted energy range of 0.14π (adaptive-controlled
comb) and 0.12π (two-parameter controlled comb). This points to a high comb regularity
in both cases. In case of the adaptively optimized comb the phase patterns repeat more
regularly with a period of two harmonic orders. In total, the adaptive-control simulation
shows that the fractional-harmonic combs can be optimized with respect to comb contrast
and comb regularity by evolutionary algorithms. The combination of split-spectrum time-
delay control and adaptive spectral-phase manipulation might be especially advantageous
if a substantial non-flat spectral phase after the dispersion compensation is remained.
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Appendix B
Atomic Units
In the following a table for the conversion of atomic units to the International System of
Units (SI) is given. The use of atomic units (a. u.) is favorable especially for calculations
in atomic and molecular physics. The reason is that here atomic units reduce the complex-
ity of equations and the numbers are then mostly given in the natural order of magnitude
as defined by the hydrogen atom. Thus atomic units have been employed in this work.
Table B.1: Definition of selected atomic units. Data taken from Ref. [216], which was updated in
2010.
atomic unit of SI value
energy (27.211 385 05± 0.000 000 60) eV
time (24.188 843 265 02± 0.000 000 000 12) · 10−18 s
length (0.529 177 210 92± 0.000 000 000 17) Å
electric field strength (5.142 206 52± 0.000 000 11) · 109 V/cm
intensity (3.509 445 21± 0.000 000 15) · 1016 W/cm2
Note that fundamental unit of charge equals 1 in atomic units, thus the electron charge is
given by −1.
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2.10 Setup of the attosecond beamline (from [3]). In the first vacuum cham-
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3.1 Illustration of the carrier-envelope phase (CEP, φ0). Electric field (solid
line), instantaneous intensity (dashed line), and envelope (dots) of a
Gaussian-shaped laser pulse with a 5 fs duration (FWHM) for φ0 = 0
(a) and φ0 = −π/2 (b). The CEP φ0 = 0 yields a cosine-like electric field
with the carrier-peak at the envelope maximum, while φ0 = −π/2 gives
a sine-like pulse with a carrier which is shifted in time by φ0
ω0
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3.2 CEP-dependence of high-order harmonics and half-cycle cut-offs (exper-
imental results). Spectra of high-order harmonics as a function of the
CEP measured after (a) and before the focus (b). In both cases the energy
of the harmonics is shifted by the CEP. This demonstrates the ability of
the CEP to control electron dynamics on a time scale corresponding to
a fraction of an optical cycle. In b) the high-harmonic spectra are com-
posed of a coherent sum of CEP-dependent half-cycle emissions which
peak at different energies depending on their individual cutoff energies.
These so-called half-cycle cut-off (HCO) energies are clearly visible in
the observed harmonic spectra. The CEP dependence of the HCO ener-
gies resolves the envelope of that part of the driving laser pulse where the
attosecond pulses are emitted. . . . . . . . . . . . . . . . . . . . . . . . 38
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3.3 Simulation of phase-controlled spectral interference (from [133]).
a) Spectrum generated by the interference of three pulses non-
equidistantly spaced in time by τ23 = 1.1τ12. The relative phase of the
third pulse is varied Φ3 = ϕ while the phases of the first two pulses are
constant at Φ1 = Φ2 = 0. The arrows indicate the spectral positions
where the alternating major and minor peaks swap their order. b) Spec-
tra as in a) as a continuous function of the relative phase ϕ. c) Complex
Fourier transformation of b) with respect to the energy. The three compo-
nents of the spectral modulations can be indentified which correspond to
the temporal distance of each two pulses. The Fourier phase indicates the
phase changes between the pairs of pulses. . . . . . . . . . . . . . . . . 41
3.4 Carrier-envelope phase spectral interferometry (CEPSI): experimental re-
sults, from [133]. a) Measured high-order harmonics as a function of
the CEP. b) Fourier transform of a), revealing the non-equidistant tem-
poral spacing of three attosecond pulses. The phase between the first
two attosecond pulses is not influenced by the CEP, while the relative
phase between the third pulse and the others is fully modulated within
2π. c) The CEP modulates the phase between the two pairs of attosecond
pulses which are displayed by the triangles (down, τ23) and circles (τ13)
as given by the average over the marked temporal regions in b). In con-
trast, the phase between the pulses 1 and 2 (triangles, up, τ12) is hardly
influenced by the CEP. . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
4.1 Kinetic-heterodyne mixing of two continuous-wave (cw) laser fields (a-
c) and generalized kinetic-heterodyne mixing of two laser subfields (d-
f). Even the addition of a weak second harmonic with 1% intensity (a)
strongly modulates the intensity of the driver laser field (b) and leads to a
pronounced asymmetry of the electric field (c) for the time delay +0.86 fs
(dashed lines) and -0.86 fs (solid lines). Similarly, a time delay between
a 1%-relative intensity spectral section (II) of a broadband spectrum (d)
and the main section (I) leads to a remarkable intensity modulation of the
driver field as well (e). The field is now compressed to a few-cycle pulse.
Pronounced changes of the electric field are displayed for the time delays
+0.86 fs (dashed line), -0.86 fs (solid line) and 0 fs (dotted line). . . . . . 50
4.2 Kinetic-heterodyne mixing of laser fields for attosecond twin-pulse gen-
eration (from [136]): a) Spectral phase (dotted line) and amplitude (not
intensity!) of driving laser fields. b) Shaped electric fields of two differ-
ent driving laser pulses (black and red dashed lines) and electric fields of
generated attosecond pulses (black and red solid lines). c) Spectrum of
the emitted attosecond pulses shown in (b). . . . . . . . . . . . . . . . . 51
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4.3 Control of attosecond pulse generation with a two-color laser field
consisting of a fundamental pulse and a weak second harmonic pulse
(from [136]): a) Intensity ratio of the attosecond double pulses as a func-
tion of the CEP of the fundamental pulse and the time delay between the
fundamental pulse and SH pulse. The green line indicates the parameters
that result in a spectral-phase difference of π. b) Control of the spectral-
phase difference between the attosecond pulses by the CEP and the time
delay. The red line traces the maximal values of a), indicating the posi-
tions at which a perfect twin pulse is generated. c) Intensity ratio (green
line) of attosecond pulses at a constant spectral-phase difference of π.
d) Spectral-phase difference (red dots) at a constant intensity ratio of 1
and corresponding CEP (black squares). . . . . . . . . . . . . . . . . . . 53
4.4 Control of attosecond double-pulse generation by splitting up a broadband
laser spectrum into two sections and applying combined CEP- and time-
delay control (from [136]): a) Dependence of the intensity ratio of the two
main attosecond pulses on the CEP and the time delay between the two
parts of the laser spectrum (spectral cut located at 2.1 fs−1). c) Control
of the intensity ratio of the two main attosecond pulses as a function of
the time delay and the spectral-cut position. b) and d) Spectral-phase dif-
ference between the attosecond pulses as a function of the time delay and
the CEP (b) and as a function the time delay and the spectral-cut position
(d). The red lines trace the maximum found in a) and c), demonstrating
the control over the relative spectral phase while retaining an attosecond
twin pulse at a constant intensity ratio of 1. . . . . . . . . . . . . . . . . 54
5.1 Setup of the split-spectrum pulse shaper (from [158]). A piezoelectri-
cally driven split mirror is located in the Fourier plane of a Brewster-
angled prism-based 4f-pulse shaper. The dispersion is compensated by
a customized chirped-mirror compressor. The beam enters through the
chirped-mirror compressor and is incident on the prism before a cylindri-
cal mirror spectrally collimates and spatially focuses the beam onto the
split-mirror surface. The beam is then redirected in reverse through the
setup, leaving slightly above the original entrance spot to avoid the closest
chirped mirror and is then sent to the HHG experiment. . . . . . . . . . 62
5.2 Compensation of dispersion (simulation result, from [158]). Calculated
change of the spectral phase due to the dispersion of 9.8 m air and
23.1 mm fused silica in the setup (red), due to the customized broadband
chirped mirrors (black), the sum of both (green), and the sum magnified
by a factor of 10 (blue). The spectral phase after the compensation is
close to flat over a long wavelength range, allowing the shaping of few-
cycle laser pulses. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
5.3 Beating of the high-order harmonics (experimental results, from [158]).
a) Driving split-spectrum fundamental pulse with the spectral cut at
795 nm. b) Spectra of the high harmonics as a function of the time delay
between the two subfields labeled part I and II in a). . . . . . . . . . . . 65
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5.4 Beating of the driving laser field in time due to the interference of the
two subfields (simulation results). A time delay∆t is introduced between
the two symmetric halves of a Gaussian shaped laser spectrum centered
around 780 nm. Intensity profiles of the shaped driving laser pulses for
the following time delays: a) ∆t = 0 fs. b) ∆t = 1.31 fs. c) ∆t = 1.9 fs.
d) ∆t = 0.7 fs. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66
5.5 HHG energy tuning and mechanism with an asymmetric energy-split
spectrum (experimental results, from [158]). An asymmetric cut of the
spectrum at 795 nm leads to a pronounced modulation of the instan-
taneous frequency at the peak of the driving laser field and thus to an
attosecond-delay-dependent energy modulation of the high harmonics.
a) Measured split spectrum of the driving laser field. b) Intensity of the
shaped driving pulse dependent on time and time delay between the two
spectral parts, and time-delay dependent modulation of the instantaneous
laser frequency (yellow squares) at the intensity peaks (white lines) (sim-
ulation result). c) Measured energy modulation of the high harmonics
compared to the relative modulation of the instantaneous laser frequency
without chirp as in (b) (yellow squares) and for chirps of -10 fs2 (red
crosses) and +10 fs2 (white pluses). Excellent quantitative agreement is
found, confirming atom-level HHG control even with weak (∼1.7% of
strong-pulse energy) control fields. . . . . . . . . . . . . . . . . . . . . 67
5.6 Simulated intensity profiles of split-spectrum shaped driver pulses (red
lines) and instantaneous laser frequency (black lines) for the time delay
-0.96 fs (a), -0.48 fs (b) and 0 fs (c). A decrease of the instantaneous
frequency at the intensity maxima from 2.62 to 2.582 fs−1 results in an
energy tuning of up to 0.7 eV after n-fold magnification by the harmonic
order n. For the calculation of the shaped pulses the residual spectral
phase after dispersion compensation (see Fig. 5.2) was taken into account. 69
5.7 Generation of fractional-harmonic combs by split-spectrum control of
high-harmonic generation (experimental results, from [158]). a) Mea-
sured spectrum of high harmonics dependent on the time delay between
the two spectral ranges indicated in (b). b) Broadband split spectrum
measured after the pulse shaper. c) Spectrum of conventional odd-integer
harmonics at time delay 2.8 fs and fractional (non-integer) high harmon-
ics at time delay 1.5 fs (intensity magnified by a factor of 3). . . . . . . . 70
5.8 Mechanism of fractional-harmonic comb generation: Double attosecond
pulse train generation (simulation results, from [158]): Shaped electric
driving field intensity (dashed lines) and attosecond pulse trains (solid
lines) for zero time delay (red lines, constructive interference of the two
fundamental spectral parts at time 0) and for the time delay 1.28 fs (black
lines, destructive interference at time 0). Two interfering attosecond pulse
trains are generated in the latter case leading to deeply modulated frac-
tional harmonics. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71
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5.9 Generation of two equally intense attosecond pulse trains by coherent
control of the peak intensity ratio of the driving subpulses (from [158]).
a) Intensity ratio of the two most intense maxima of the shaped driving
laser pulse dependent on the time delay. Simulation for the measured
split-spectrum displayed in Fig. 5.7 including the residual spectral phase
after the dispersion compensation given in Fig. 5.2. b) Shaped driving
laser pulse with two equally intense subpulses at time delay 1.55 fs. . . . 72
5.10 Generation of a deeply-modulated comb of fractional harmonics (simu-
lation results, from [158]). a) Simulated harmonic spectra dependent on
the time delay between the two spectral parts for the same settings as in
Fig. 5.8. b) Spectrum of a fractional-harmonic comb with a high peak-to-
valley contrast for the time delay of 1.28 fs in (a) (red line). . . . . . . . 72
5.11 Rapid subcycle time-delay dependence of the high-order harmonics (sim-
ulation result). a) Simulation of the time-delay dependent high harmonics
for the measured split spectrum displayed in Fig. 5.7 including the resid-
ual spectral phase after the dispersion compensation as shown in Fig. 5.2.
In contrast to the previously-discussed experiment, the CEP of the driver
pulses was fixed. b) Enlargement of a) revealing different patterns of
harmonics. In section I the energies of the odd harmonics tune rapidly
within few attoseconds of time delay over a large range of more than
10 eV for most of the harmonics. In section II even and odd harmonics
appear, while in section III the substructures smear out. In section IV the
fractional-harmonic combs are observed. . . . . . . . . . . . . . . . . . 73
5.12 Simulated harmonic spectrum with a time-delay resolution of 250 as, cor-
responding to the assumed experimental interferometric stability between
the two driver subfields. A Fourier filter was applied to the simulation in
Fig. 5.11 to match the time-delay resolution. While the rapid subcycle
energy tuning is smeared out, the fractional- harmonic combs are clearly
visible. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74
5.13 Shaping-induced variation of the effective driver-pulse CEP (numerical
results [188]). The time-delay controlled shaping of the driver pulse
shifts the peak position of the pulse envelope (dashed line) in time (black
arrows) compared to the original peak position (blue arrows) while the
electric-field carrier (solid line) is locked. This strongly modulates the
effective CEP, which is defined at the highest intensity maximum. While
a time delay of 0 fs causes a cosine-like pulse (a), a time delay of 0.25 fs
produces almost a minus sine-like pulse (b), the pulse at ∆t =0.5 fs
comes close to a minus cosine-like pulse (c) and ∆t = 0.75 fs obtains
again a roughly cosine-like pulse (d). The temporal phase at the envelope
peak gives an effective CEP φshaped0 = 0 in (a), φ
shaped
0 = 0.64π in (b),
φshaped0 = 1.2π in (c) and φ
shaped
0 = 1.84π in (d). . . . . . . . . . . . . . 76
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5.14 Influence of the CEP-stabilization (simulation results). a) Sum of ten har-
monic spectra generated with φ0 = 0, 0.1π, 0.2π, ..., 0.9π. Taking the sum
of harmonic spectra produced with different CEPs smears out the rapid
subcycle harmonic-energy tuning and results in the regular odd harmon-
ics which vary only slowly with the time delay. b) Fractional-harmonics
comb spectra at the time delay 1.62 fs. The sum of harmonic spectra with
different CEPs as in a) (dotted line) is compared to a spectrum produced
by a CEP-stabilized driver field φ0 = π (solid line). The latter produces a
much higher comb contrast. . . . . . . . . . . . . . . . . . . . . . . . . 77
5.15 Split-spectrum controlled HHG in the asymmetric-cut regime (experi-
mental result). a) Driver spectrum with 12.3% of the total pulse energy
in section II. b) High-harmonic spectrum as a function of the time delay
between the spectral sections. A strong beating of the harmonic inten-
sity is visible besides a spectral broadening and energy modulation of the
high-harmonic lines. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78
5.16 Dependence of the beating of the two driving laser subfields on the
spectral-cut position and effect of the generalized kinetic-heterodyne
mixing (simulation results). Even if only a very small fraction of the
laser spectrum is time delayed, it reshapes significantly the driver pulse.
a) Spectral intensity of the driver field. b) Electric field for 0 fs (black line)
and 1.25 fs (red line) time delay, where the driver spectrum is asymmet-
rically cut in a way that the second spectral part contains only 1% of the
total intensity. c) Modulated pulse shapes at the time delay 1.25 fs for dif-
ferent fractions of the second-section intensity: 1% (dashed line), 5.3%
(dotted line) and 11.7% (dash-dotted line) and comparison to 0 fs time
delay (solid line). d) Pulse shapes for spectral fractions of 24.4% (solid
line), 31.5% (dashed), 50.5%(dotted) and 82.4% (dash-dotted line). The
pulse shape exhibits two intensity maxima at ∆t =1.25 fs if the smaller
spectral section contains more that 11.7% of the total intensity. . . . . . . 79
5.17 Spectral-cut position dependence of the high-harmonic energy tuning
(simulation results). a) Intensity of Gaussian shaped driver spectrum cen-
tered around 2.513 fs−1 (∼=750 nm) used for the simulations. b) Rela-
tive change of the instantaneous laser frequency at the peak of the driver
pulse as a function of the time delay between the spectral sections for a
spectral-cut position of 2.4 fs−1 (squares), 2.5 fs−1 (red circles), 2.6 fs−1
(pluses) and 2.7 fs−1 (diamonds). The highly unbalanced spectral cut at
2.7 fs−1 causes the most-pronounced frequency modulations. The val-
ues are plotted only for time delays for which the driver peak intensity is
strong enough to produce high-order harmonics. . . . . . . . . . . . . . 81
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5.18 Split-spectrum controlled high harmonics as a function of the time de-
lay for a phase-stabilized driver field (experimental results). a) Driver
split-spectrum with the cut at 768 nm. b) Similar high harmonics and
fractional-harmonic combs are revealed as in the CEP-averaged case.
Low-intense odd high harmonics are produced and beat with the time
delay for low pulse overlap as well (the color encodes the logarithm to
the base 10 of the harmonic intensity). The latter finding results from the
kinetic-heterodyne mixing effect for time-delayed laser fields. . . . . . . 83
5.19 Energy tunability of the measured fractional high-harmonic comb as a
function of the CEP of the fundamental pulse (experimental result). The
energy of the individual peaks shift linearly with the CEP with a period-
icity of one peak spacing per π CEP-change, while the shape of the comb
stays the same. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85
5.20 Influence of a temporal chirp on the split-spectrum controlled HHG. a)
Measured heterodyne split spectrum with the spectral cut at 830 nm. b)
Comparison to the energy-tuning model employing the measured spec-
trum and group delay dispersion (GDD) of +5 fs2 (circles), 0 fs2 (pluses)
or -5 fs2 (squares). Relative instantaneous frequency at the driver pulse
maximum as a function of the time delay. c) Measured high harmonics
as a function of the time delay between the two spectral sections. d) Mea-
sured high harmonics with a negative temporal chirp of -5.7 fs2 compared
to (c) added to the fundamental laser field. Besides, we find here that
the measured harmonics peak at different time delays (white lines). The
difference is 0.18± 0.10 fs in c) and 0.77± 0.08 fs in d). . . . . . . . . 86
5.21 Optimization of fractional-harmonic comb generation (experimental re-
sults). a) Driver split spectrum with the cut at 770 nm and 52% of the en-
ergy in the first section. b) Measured harmonic spectrum as a function of
the time delay with a stabilized CEP. Intense fractional-harmonic combs
are produced for several time delays, spanning many harmonic orders.
The fractional-harmonic combs show different energy-tuning slopes and
spacings of the comb lines, controlled by the time delay. c) A fractional-
harmonic comb over multiple harmonic orders is produced at a time de-
lay of 4.28 fs. The strong time-delay dependence both on the attosecond-
and optical-cycle scale allows to select fractional-harmonic combs or high
harmonics with spectral properties that are suited with respect to different
applications. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87
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5.22 Analysis of several comb-quality values as a function of the time delay
for the measured fractional-harmonic comb presented in Fig. 5.21 (exper-
imental results). The spectrum was analyzed in the energy range from
31.6 to 36 eV. a) Total comb intensity. b) Average peak-to-valley contrast
of the comb lines. c) Fourier frequency (inverse comb-line spacing). The
value corresponds to the temporal distance of the attosecond pulse trains.
d) Fourier amplitude in this Fourier-frequency range. e) Inverse width of
this Fourier-peak. The quality values are only considered at time delays
where the Fourier amplitude is above the threshold 0.4 arb. u. . . . . . . 89
5.23 Analysis of comb regularity by CEP-resolved spectral interferome-
try [132] (experimental results). a) Spectrum of fractional high harmon-
ics measured for stabilized CEPs scanned from 0 to 10π. b) The Fourier
transformation along the CEP obtains a peak at pixel 10, which corre-
sponds to a pronounced periodicity of the fractional harmonics with the
CEP of 1π. c) After selection of this pixel 10 an inverse Fourier trans-
formation for each energy is performed and the phase is displayed. After
subtraction of a linear phase in energy, which is an arbitrary time de-
lay, the spectral phase of the comb is close to flat in the presented mea-
surement, except for energy regions, where the Fourier-amplitude was so
small that artificial phase shifts might appear. . . . . . . . . . . . . . . . 91
5.24 Optimization of the fractional-harmonic combs by tuning the time delay
between the two spectral sections (simulation results). The simulations
are based on the measured spectrum (Fig. 5.21) with the spectral cut at
770 nm. The following properties of the fractional-harmonic comb in the
energy range from 32 eV to 56 eV were analyzed as a function of the
time delay: a) The total comb intensity. b) The average contrast between
peak and valleys in the comb, where 1 is the best possible value. c) The
Fourier transformation of the spectrum obtains the comb-lines frequency
(=inverse spacing of the comb lines). d) The Fourier amplitude at this
frequency. e) Its inverse width is a measure of the comb regularity. f)
The spectrum of the fractional-harmonic comb at the time delay 3.68 fs
was optimized with respect to a high comb contrast. A high contrast is
realized for the complete spectral range of the comb. . . . . . . . . . . . 92
5.25 Carrier-envelope phase spectral interferometry (CEPSI) of fractional-
harmonic combs (experimental results). a) Harmonic spectrum as a func-
tion of the CEP. b) Complex Fourier transformation of a) with respect to
the energy reveals a spacing of the APTs of ∼18 fs. c) The unwrapped
Fourier phase is plotted for the Fourier times 18.2 fs and 19.8 fs in (b) and
tunes linearly with the CEP. This demonstrates the capability to freely set
the relative phase between the two produced attosecond pulse trains. . . . 93
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5.26 Interferometric stability of the pulse shaper (experimental result). The
measured high-harmonic signal at 35.3 eV is displayed as a function of
the time delay between the spectral sections. From the ability to resolve
rapid periodic changes of the high-harmonic intensity, we derive a time-
delay resolution and interferometric stability of ∼140 as (time span for
the relative-intensity change from 20% to 80%). . . . . . . . . . . . . . 95
A.1 Optimization of the fractional-harmonic comb contrast by an evolutionary
algorithm (numerical results). For control the laser spectrum (a) is divided
into 20 pixels with variable spectral phase. Further the CEP and the time
delay between spectral section I and II are varied. b) Evolution of the
quality of the fittest (solid line), the 5th best (dotted line) and the average
(dashed line) of the 40 individuals of each generation. The shading at
generation 0 marks the quality range accessible by the pure time-delay
and CEP control with an unmodulated spectral phase. c) Spectrum of the
comb with the highest fitness after 23 generations (solid line) and spectral
phase of this comb after subtraction of the linear component (dashed line).
Inset: optimized LCD spectral-phase addition. d) Spectrum of the comb
produced with the unmodulated driver field at the optimal time delay of
1.32 fs (solid line) and spectral phase of the comb after removal of the
linear spectral-phase component (dashed line). . . . . . . . . . . . . . . 103
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